Instituto de

y
explored with cold atoms, molecules and photons F181ca
Heraklion Crete, July 24-28, 2017 UFRJ

Quantum physics frontiers

Towards the ultimate precision
limits in parameter estimation: An
introduction to quantum metrology

Luiz Davidovich
Instituto de Fisica - Universidade Federal do Rio de Janeiro

~ % THE ONASSIS
% FOUNDATION

SCIENCE LECTURE SERIES



Outline of the lectures

These two lectures will focus on recent developments in quantum
metrology. The main questions to be answered are:

(i) What are the ultimate precision limits in the estimation of
parameters, according to classical mechanics and quantum mechanics?
(i1) Are there fundamental limits? Is quantum mechanics helpful in
reaching better precision?

(iii) How to cope with the deleterious effects of noise?

Our discussion is restricted to local quantum metrology: in this case, one
is not interested in an optimal globally-valid estimation strategy, valid
for any value of the parameter to be estimated, but one wants instead
to estimate a parameter confined to some small range. The techniques to
be developed are useful, for instance, for estimating parameters that
undergo small changes around a known value, like sensing phase changes
in gravitational-wave detectors; or yet if one has some prior (eventually
rough) knowledge about the value of the parameter.



Summary of the lectures

The lectures will be organized as follows:

LECTURE 1. General introduction: parameter estimation and classical
bounds on precision. The Cramér-Rao bound and the Fisher information.
Extension of Cramér-Rao bound and Fisher information to quantum
mechanics. Quantum Fisher information for pure states. The role of
entanglement. Application to optical and atomic interferometry

LECTURE 2. Noisy quantum-enhanced metrology: General framework for
evaluating the ultimate precision limit in the estimation of parameters.
Application to optical interferometers and force estimation. Quantum
metrology and the energy-time uncertainty relation. Generalization to
open systems. Application to atomic decay.

For more details, see Lectures at College de France (2016):
http://www.if.ufrj.br/~ldavid/eng/show arquivos.php?Id=5



http://www.if.ufrj.br/~ldavid/eng/show_arquivos.php?Id=5

I.1- General introduction:
parameter estimation and
classical limits on precision



Parameter estimation
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High-precision interferometry: Advanced LIGO
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Experiments: Parameter estimation beyond
classical physics in the XXI century
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Experiments: Parameter estimation beyond
classical physics in the XXI century
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Experiments: Parameter estimation beyond

classical physics in the XXT centur
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Parameter estimation and uncertainty relations

What is the meaning of

% Time-energy uncertainty relation?

AEAT 2 h/?2

% Number-phase uncertainty relation?

ANAG >1 /2

We shall see that quantum parameter estimation allows to understand
these relations in ferms of uncertainties in the estimation of parameters:
while Heisenberg uncertainty relations are associated with Hermitian
operators, the theory of parameter estimation allows one to obtain
uncertainty relations for parameters, like time or phase, with no need to
associate them to suitable Hermitian operators.



An example: optical interferometry
Aout
din — 1 ——
bin 2 bout
Mach-Zender interferometer: a beam with complex amplitude ain is split on
a balanced beam splitter BS: and the two resulting beams acquire phases ¥1
and ¥2, interfering on the second beam splitter BSz. The photon numbers

n, .and n, are measured at the output ports. One could also have two
incident beams, with complex amplitudes ain and bin.

The outgoing fields are related to the incoming ones through the
transformation (note that acut=ain, bout=bin when ¢¥1 =¥2 =0, since
[BS1]X[BS2]=1) — replacing complex amplitudes are replaced by operators:

[~ ) | [ A
o =L(1i)/e"'pl O\L(l—i)ain\
\ bom / 3/5 j 1 )\ 0 €7 )3/5 _j 1 Al bin )

BS, BSq



Optical intferferometry and Jordan-Schwinger transformation

PHYSICAL REVIEW A YOLUME 33, NUMBER 6 JUNE 1986

SU(2) and SU(1,1) interferometers

Bernard Yurke, Samuel L. McCall, and John R, Klauder
AT&T Bel! Laboratories, Murray Hill. New Jersey 07974
(Received 30 October 1S85)

This has the advantage of providing a unified formalism, which can also be
applied to problems in atomic spectroscopy and magnetometry.

so these operators obey the angular momentum algebra.

Transformations of operators @ and b can be considered as rotations in
spin space: &' = UTaU, b’ = UTbU, with U = exp(—ifJ - i), where the
unit vector n is along the axis of rotation, and with the correspondence:

BS1— U = exp(—inJ;/2) Phase delay — U = exp(—i¢.J.)

BS; — U = exp(inJ, /2) ¢=q, -,



Angular momentum operators for optical
interferometry

Corresponding transformation for the operators Ji (Heisenberg picture!):

in\

/
0o \ /-

<

[ \( cosp -—-singp 0 \(

/s 1 0 0 1 0 /
J =l 0 0 1 sinp  cosep O || O O -1 J)
\j;uf/\o_lo/\ 0 /0\1/\010/\@”)
/ cosp 0 sing \| 7 Therefore, Mach-Zender
= 0 10 J y transformation amounts to a
\ —sing 0 cos@ )\ ji | rotation around y axis of the

angular momentum operators.




Precision of phase estimation

. 1 NiAl .
From J, = 5(&% — b'h), it is clear that 7, — ny, = 2.J..

On the other hand, the average of J, in the output state is equal to the
average of J"', given by the previous matrix expression, in the input state.

Therefore, | (J.)ous = cos ¢(J.)in — sin ¢(J,)in | while the variance is

A% J, — cos® p A%J,| +sin?¢ A%J ~ —2sinpcosy cov(Jy, J.) |

| in in

where the covariance cov is defined as

where Ay = /A2y is a standard deviation (same forA.J.).



Optical interferometry with Fock states

Consider that a Fock state |N)is injected in port a, so that
)in = |N)4|0)s |. Since

N 1 A A N A ~ N 1 TN
Jo = S(a'b+bla), J, = %(b*& —afb), J. = S(ata—b'h)
J:|N, 0> — (N/2)\N,0>,

.| Also,

this initial state is an eingestate of J, and J?:|J

.y — Sin 90<j:c>in and

AQjZ — cos? © A2jz + sin? © Aij — 2sin  cos @ COV(j jz)
out in in in
ohe gets A
a2l VNIsingl/2 1
7 ‘d<fj>out Nlsing|/2 ~ VN’
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which is the standard (or shot-noise limit) for optical interferometry.
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Optical interferometry with Fock states

Consider that a Fock state |N)is injected in port a, so that
)in = |N)4|0)s |. Since

N 1 A A N A ~ N 1 TN
Jo = S(a'b+bla), J, = %(b*& —afb), J. = S(ata—b'h)
J:|N, 0> — (N/2)\N,0>,

.| Also,

this initial state is an eingestate of J, and J?:|J

From <jz>out = COS go(jz>in — sin %in and

2 2 _
A?J, = o8 gpw in+sm o A2 J, . 2 sin @ cos ¢ COV(J J)m
ohe gets
N AL\ N|singl/2 1
v ‘d<fj>out " Nlsingl/2 VN’
p

which is the standard (or shot-noise limit) for optical interferometry.



Geometrical interpretation

® Length of side of the cone:
Vi(G +1), with j=N/2

® Distance from apex to center of
base: eigenvalue of J, —> j=N/2

® Radius of The base of the cone:

Vi 2=
(a) Initial state
(b) Action of first beam splitter
(c) Phase delay

(d) Action of second beam splitter

Minimum detectable ¢ is of the
order of

Jioo1

Y _—

Pmin ~ — = -
j oV

2=



Unified formalism for interferometers

Ramsey interferometry
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General estimation theory

What are the best possible measurements?

What are the best incoming states, in order to get better
precision?

Is it possible to find general bounds and strategies for
reaching them, which could be applied to many different systems?



Parameter estimation in classical and quantum physics

Initial State == Dynamical Process w=p Final State =P  Measurement =P Estimator

Q

1. Prepare probe in suitable initial state
2. Send probe through process to be investigated

3. Choose suitable measurement
4. Associate each experimental result j with estimation



Parameter estimation in classical and quantum physics

Initial State == Dynamical Process w=p Final State =P  Measurement =P Estimator

Q

1. Prepare probe in suitable initial state
2. Send probe through process to be investigated

3. Choose suitable measurement
4. Associate each experimental result j with estimation

—  Merit quantifier

5XE\/<[Xest(j)—X]2>j
(X )= Xine» d(X

est est

X=X

—“*rue

>/dX‘X=X =1 — Unbiased estimator

true ?

Then X% = A?X = ([Xest — (Xest>]2> — variance of Xest (average
is taken over all experimental results)
Estimator depends only on the experimental data.




Classical parameter estimation

C.R. ac; RA— Fisher

H. Cramer

Cramér-Rao bound for unbiased estimators:

dln[ ( )]

2

AX =1 /\/N F(X),, - EP

Fisher

N — Number of repetitions of the experiment

information
P.(X)— probability of getting an experimental result j

J

. Olnp(¢X)]”
or yet, for continuous measurements: F(X) = /dﬁp(g\X) { 5% }
where & are the measurement results

(Average over all experimental results)



Derivation of Cramér-Rao relation: See lectures by L. Davidovich at
College de France, 2016:

http://www.if.ufrj.br/~ldavid/eng/show arquivos.php?Td=5

Exercises
1. Show that
F(X) z/dﬁp(f\X) Plngﬁﬁm} :/dfp(glyx) {apéi’(X)}
:4/d§ _3\/g§’X)_ _ _<£(2 lnp(f\X)>

with similar expressions for a discrete set of measurements.

For instance, 2

2. Let us consider several identical and independent measurements, so
that the probability distribution is p(¢|X) = p(&1]X) - - - p(En|X). Show
that FIY)(X) = NF(X)


http://www.if.ufrj.br/~ldavid/eng/show_arquivos.php?Id=5

Understanding the Fisher information (1)

GEOPHYSICAL RESEARCH LETTERS, VOL. 40, 4279-4283, doi:10.1002/g:1.50838, 2013 Marcio Mendes Taddei, Ph. D.

New ultrahigh-resolution picture of Earth’s gravity field thesis, Federal University of

Christian Hirt,' Sten Claessens,' Thomas Fecher,? Michael Kuhn,' Roland Pail * Rio de Janeiro, available at
and Moritz Rexer'? arXiv:1407.4343v1 [quant-ph]

The gravitational field is measured by undergraduate students, via an inclined-
plane experiment, in two labs, situated at Hudscaran (Peruvian Andes) and the
Artic Sea, so gir. is different in both cases. Their precision is one decimal place.
The same measurement is made by higher-precision satellites, with one additional
decimal place.

Undergraduate students Satellite measurement
Pk(gtmc) Pk(gtruc)

0.1 0.1}

gtrue:9.76392 m/SZ
0.06 | | 0.06 | | _ grue=9.83366 m/s?

0.02 } ﬂ 002}
— k (m/s?) k (m/s”)

85 95 105 115 965 975 985 995
Values of Pr(gie) for a measurement of g in Huascaran, in the Andes (blue

circles) and at the Arctic Sea (red squares). The distributions within each image are dif-
ferent because so is gine. Measurement as made in a simple laboratory (left) is compared
to that by higher-precision satellites (right).




Understanding the Fisher information (2)

The higher precision of the satellite experiments implies that it is
easier to distinguish the true values of g from the Pk of these
measurements. Important question: How much does the outcome
distribution change by a change of the underlying true value of the
parameter? I show now that the Fisher information is a measure of this
change.

The distance between two probability distributions {P«} for a given set
{k} of outcomes, which differ because they belong to two different
values x and x' of the parameter, can be defined by the Hellinger
expressnon Dr:

(z,2') \/Z\/T \/Pk}

Then,

D, (x,2+dz) = %Z ka (z + da) — Pk(aj)r =5 zk: in Pr(x )rdgzz

F(X) as a measure of change of
the probability distribution!

| =

and




Understanding the Fisher information (3)

The expression for the Hellinger distance can be written in terms of the
fidelity between the two distributions:

Dy (z,a') = \/ S [VER@ - VEE)] =1 - Vet

where . 22

Cp(z,2') = | > /Pu(z)Pr(a)| (=1 for x=x")

|k

Therefore:

> Speed of change



I.2 - Quantum parameter
estimation



Quantum parameter estimation

Initial State == Dynamical Process = Final State =  Measurement = Estimator
| 7 |

The general idea is the same as before: one sends a probe through a
parameter-dependent dynamical process and one measures the final
state to determine the parameter. The precision in the
determination of the parameter depends now on the
distinguishability between quantum states corresponding to nearby
values of the parameter.

26



Example: Optical interferometry
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Example: Optical interferometry
>

(

‘<a‘o¢e"59>‘2 = exp(—‘a(l _ eiSO)‘z)

* Standard limit (shot noise)
~ exp[—(n)(SO)z] = 00 = 1 /\m
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Example: Optical interferometry
.

(

Ka‘ Otei59>‘2 = exp(—‘a(l — e )‘2)

* Standard limit (shot noise)
~ exp[—(n)(S@)z] = 00 = 1 /\m

Possible method to increase precision for the same average number
of photons: Use NOON states [J. J. Bolinguer et al., PRA 54, R4649
(1996). J. P. Dowling, PRA 57, 4736 (1998)]

ly(N))=(IN,0)+]|0,N)) /2 = |y (N.0))=(IN,0)+ " |0,N)) /N2, ({(n)=N)

27



Example: Optical interferometry

i
T é F

(

(o] ™) = exp(_\a(l _ elﬁe)r)

~ exp[—(n)(ﬁ@)z] = 00 = 1/\/@

* Standard limit (shot noise)

Possible method to increase precision for the same average number
of photons: Use NOON states [J. J. Bolinguer et al., PRA 54, R4649
(1996). J. P. Dowling, PRA 57, 4736 (1998)]

‘II/(N)>:(\N,O>+ O,N))/\/fe\y/(N,g»:(‘N,O>+ewe

O,N))/\/E, ((n)zN)
| cos?(N§0/2) =0
= 00 = w/N |

HETISENBERG LIMIT — Precision is better, for the same
amount of resources (average number of photons) 27

K‘V(N)‘III(N,BH»‘Z =cos’(N6B/2)=660=~1/N
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Quantum Fisher Information

(Helstrom, Holevo, Braunstein and Caves)

dX

F(X:{E}) = [ag p(le)(d 1n[p(§|x)]j2

This corresponds to a given quantum measurement. Ultimate lower
bound for ((AXes)?): optimize over all quantum measurements
so that

(X) = max {Eg}F(X;{Eé: })




Quantum Fisher Information

(Helstrom, Holevo, Braunstein and Caves)

d In[ p(&1 X)]T

F(X:{E,})= jdgp(glx)( -

This corresponds to a given quantum measurement. Ultimate lower
bound for {(AXes)?): optimize over all quantum measurements
so that

%(X) = maX{Eg}F(X{Eg }) Quantum Fisher Information




Quantum Fisher information for pure states

(See notes for derivation)

Initial state of the probe: |1/(0))
Final X-dependent state: |¢(X)) = U(X)|y(0)), ﬁ(X) unitary operator.
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(See notes for derivation)

Initial state of the probe: |1/(0))
Final X-dependent state: |¢(X)) = U(X)|y(0)), U(X) unitary operator.

Then (Helstrom 1976):
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If U(X) = exp(i0X), Oindependent of X, then H = O




Quantum Fisher information for pure states

(See notes for derivation)

Initial state of the probe: |1/(0))
Final X-dependent state: |¢(X)) = U(X)|y(0)), ﬁ(X) unitary operator.

Then (Helstrom 1976):

Fo(X) =A%), ((AH))o = (0(0)] |

where

dUT 2
AH(X) =i X70(x)

If U(X) = exp(i0X), Oindependent of X, then H = O

Sx>1/ 2\/v<Aﬁ2> —. Should maximize the variance to
get better precision!




Another expression for the quantum Fisher information

From
Fo(X) =4(AH)%)g,  (AH)?)0 = ((0)] [A(X) = (H(X))o| " [4(0))

~ a7t ~
and H(X) =i X(x)

it follows that

Fo(X) =4

d(p(X)] dlp(X)) |d<¢<X>|
dX

P(X))

dX dX

Exercise: Show this!



Example 1: Optical interferometry

7 = a'a — Generator of phase displacements |a) — |aexp(if))
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Example 1: Optical interferometry

7 = a'a — Generator of phase displacements |a) — |aexp(if))

= Fo(0) = 4((An)?)owhere ((An)?), is the photon-number variance in
the upper arm.
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Example 1: Optical interferometry

7 = a'a — Generator of phase displacements |a) — |aexp(if))

= Fo(0) = 4((An)?)owhere ((An)?), is the photon-number variance in
the upper arm.
1 -
= 00 > (v=1) v — Number of repetitions

2¢/{(A7)?)
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Example 1: Optical interferometry

7 = a'a — Generator of phase displacements |a) — |aexp(if))

= Fo(0) = 4((An)?)owhere ((An)?), is the photon-number variance in

the upper arm.

— 50 > L (v=1) v — Number of repetitions

4{(AR)?)g = 4(R) = 60 >
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Example 1: Optical interferometry

7 = a'a — Generator of phase displacements |a) — |aexp(if))

= Fo(0) = 4((An)?)owhere ((An)?), is the photon-number variance in

the upper arm.

— 50 > L (v=1) v — Number of repetitions

4{(AR)?)g = 4(R) = 60 >

2/ (n)

(This lower bound is better by a factor of two than the bound found before,
which was 06_. =1/\@. This earlier bound corresponds to comparing the
displaced-phase coherent state in the upper arm of an interferometer with
an undisplaced coherent state with the same amplitude in the other arm.

The result found here indicates that a better measurement of the phase is
possible: indeed, a homodyne measurement allows the comparison of the
displaced coherent state with a classical reference field (local oscillator),
which is just a coherent state with a number of photons much larger than
that of the measured state — this yields a better precision in the estimation

of the phase. 31



Example 1: Optical interferometry
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Example 1: Optical interferometry

o
AN 7 N\

= = A

Increasing the precision: maximize variance with NOON states:

w(N))=(IN.0)+]0.N))/2
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Example 1: Optical interferometry

> I
S 2

= = F— N

Increasing the precision: maximize variance with NOON states:
‘l//(N» = (\N,0>+\0,N>)/\/§ —> entangled state
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Example 1: Optical interferometry

N —
—— A

= = F— N

Increasing the precision: maximize variance with NOON states:
‘l//(N» = (\N,0>+\0,N>)/\/§ —> entangled state

1
V{((AR)?)

Fo(0) = 4((An)%), = 66 > 2
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Example 2: Spatial displacement

BX)) = XPpo)) = A =i px) = b
dX
1

Fo(X) = 4((AP)?), AX)2) > i
Q(X) = 4{(AP)%)o = (( )>>4<(AP)2>
_________________________________________
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Example 2: Spatial displacement

(X)) = X Pl(0) = 1 =190 D (x) = P
1

Fo(X) =4((AP)?) AX)?) > ]
o(X) = AP = (AX)) 2 Lo




Example 2: Spatial displacement

X

BX)) = XPo)) = A =i p(x) = P
dX
1

Fo(X) = 4((AP)?), AX)2) > i
Q(X) = 4{(AP)%)o = (( )>>4<(AP)2>
S —
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Example 2: Spatial displacement

< >

X

4 . A . : .
Y(X)) = X Plp(0)) = H = @-fiLXUm _p
Fo(X) =4((AP)%)y = {((AX)?) > AP?

Coherent state: (AP)?)y =1/2 = ((AX)?) =1/2 —> standard
quantum limit — coherent state saturates Cramér-Rao bound



Example 2: Spatial displacement

—_—

4 . A . : .
Y(X)) = X Plp(0)) = H = ifiLXUm _p
Fo(X) =4((AP)%)y = {((AX)?) > AP?

Coherent state: (AP)?)y =1/2 = ((AX)?) =1/2 —> standard
quantum limit — coherent state saturates Cramér-Rao bound

Maximizing variance of P for better precision: e.g., squeezed states
—> Also saturate the bound (Gaussian states)
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Example 2: Spatial displacement

» X > < X >
~ . A . A .
Y(X)) = X Plp(0)) = H = ifiLXUm _p
Fo(X) =4((AP)})y = ((AX)?) > i
Q(X) = (AP0 = (AX)) = T

Coherent state: (AP)?)y =1/2 = ((AX)?) =1/2 —> standard
quantum limit — coherent state saturates Cramér-Rao bound

Maximizing variance of P for better precision: e.g., squeezed states
—> Also saturate the bound (Gaussian states)
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Example 2: Spatial displacement

< X > < X A\
i o P R Tt X ) R
Y(X)) = eXPp(0)) = H = i%m) _p
Fo(X) = 4((AP)*)o AX)?) > ]
Q(X) = (AP0 = (AX)) 2 1

Coherent state: (AP)?)y =1/2 = ((AX)?) =1/2 —> standard
quantum limit — coherent state saturates Cramér-Rao bound

Maximizing variance of P for better precision: e.g., squeezed states

—> Also saturate the bound (Gaussian states)
Looks like Heisenberg uncertainty relation, but X is a parameter,

not an operator! 33



Example 3: Phase-space displacement
A sensitive instrument.. W. Zurek, Nature 412, 712 (2001) |

|

2

Vlastakis et al.,

////\\\\ ‘ Science 342,

sige 607 (2013)

-1.5

-2

4]

a)+|—a)+|ia)+ —ia))

) =N(

PHYSICAL REVIEW A 73, 023803 (2006)

Sub-Planck phase-space struclures and Heisenberg-limiled measurements

Sub-Planck

I Toscano,! 1. A. R, Dalvit, L. Davidovica.! and W. H. Zurek”

S e ns l 1. l V l Ty PHYSICAL REVIEW A Y4, 022313 (2010)

Lot

{,
Measurement of a microwave field amplitude beyond the standard quantum limit

M. Penasa,’ S. Gerlich,! T. Rybarczyk.! V. Méiillon,' M. Brune." . M. Raimand," S. Harache,'
T.. Davidovich,” and T. Dotsenka
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Possible strategies for quantum-enhanced metrology (1)

Single probe

Recall that 7o (|))) = 4((AH)?) so in order to increase the precision one
needs to choose a state|y)that maximizes the variance (AH)?). If H
has a discrete and bounded spectrum, this is accomplished by letting

1
‘¢>Opt — ﬁ
where |Amax) and [Amin) are eigenstates of H corresponding to the
maximum and minimum eigenvalues.

(‘)‘max> + ‘)‘min>)

Then ((AH)?) = (Amax — Amin)?/4 and

1 (v —> number of repetitions of single
\/; ()\max _ )\min) pr'obe exper'imen’r)

Apy 2

Question: What is the best strategy if one has N probes?

35



Possible strategies for quantum-enhanced metrology (2)

N probes

> >

> U . . ~.

- V. Giovannetti, S. e

> Lloyd, and L. Macone, -

PRL 96, 010401 (2006) -

CC CO
Separable input states, Separable input states, general measurement
separable measurements schemes (with entanglement)

QQ
General input states (with General input states, general
entanglement), separable measurement schemes (with

measurements entanglement) 36



Possible strategies for quantum-enhanced metrology (3)

RN
> >
RN
> N probes >
RN
> >
CC CQ
Separable input states, Separable input states, general measurement
separable measurements schemes (including entanglement)

N
()N H = Z H; — generators of U(yp)
J=1 N

J

Product initial state: <A7:52> o5 Z <Aﬁ2>|w->

=

o ®y)n @ ®fy)s) = (M) = Nmax — Auin)’/4

opt

Therefore Ay > 1 _ By
P(N) Z —
) V vIN ()\max _ )\min) V N 37




Possible strategies for quantum-enhanced metrology (4)
N probes

g
SRS
IREY
\\\\\\

Sy

General input states, General input states, general
separable measurements measurement schemes

Uil
i . S
Maximization of variance ((AH) ):

|
‘lp>0pt e ﬁ(‘ A’max>1 ®‘A‘max>2 ®”.®‘A’max>N +‘A’min>1 ®‘A‘min>2 ®.“®‘A‘min>N)

(AH) ) = N2 (Amax — Amin)/4

1 Agﬁ(l) 1/vVN gain!

Therefore: |2 () = = . o
' NV (Amax — Amin) N —> Heisenberg limit

38




Possible strategies for quantum-enhanced metrology (4)
N probes

NN
IR
3R

. -
WESS
SR

Entanglement of initial
state is necessary for

\\\\\\

\\\\\

going beyond shot-

C . :
Q noise scaling. Q
General input states, General input states, general
separable measurements measurement schemes

UM (p) =T
Maximization of variance ((A”}-Z)2>:
‘IIJ> e A’max>1®‘A‘max>2®”.®‘A’max>N+‘A’min>1®‘A‘min>2®.“®‘1‘min>1\/)

-5l

(AH) ) = N2 (Amax — Amin)/4

1 Agﬁ(l) 1/vVN gain!

Therefore: |2 () = = . o
' NV (Amax — Amin) N —> Heisenberg limit
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Entanglement-assisted parameter estimation: phase estimation

The problem. One wants to estimate a small change of phase between states
of a two-level system, which would allow to estimate say a small
electromagnetic field, or yet a transition frequency between the two states.

Two possible strategies:
Separable
(0)+[1)) = expli(1+5.)¢/2](0)+]1))

10)

O>+ei¢|1>

0 o)

0) + 1W0>+ei¢|1>

ps(yes) = pg =(1+cosg)/2
pg(no)=1-p;=(1-cosg¢)/2
11 R

ap,

yes
o+ 12—,

yes
o)+ w2 —,

yes

no

I

FS(¢)=( ’ ) s (1= ps)

1-py

Sps =1/ \[NF;(¢) =1//N

[Figures adapted from V. Giovannetti, S. Lloyd and L.
Maccone, Nature Photonics 5, 222-229 (2011)]
0)"

pi(yes)=p, =(1+cosN¢)/2
pp(no)=1-p, =(1-cosN¢)/2

Entangled

%
¢

yes
) % ( no

12

1 --apE
Pk (l_pE)_ 09 |

Op, =1/ /NF,(¢)=1/N

=1

FE(¢)=




Entanglement-assisted parameter estimation: phase estimation (2)

Are these the best measurements?

(10)+[1) = expli(1+6.)¢/2](0)+[1))

1. Separable qubits.
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Entanglement-assisted parameter estimation: phase estimation (2)

Are these the best measurements?

(0)+[1)) = expli(1+5.)¢/2](0)+[1))

1. Separable qubits.

We know that for the best measurement 7 (¢) = 4((AH)?), ,where H
here is the generator of phase displacements: H = (1 + 6.)/2. Since for the
initial state |[+) we have ((AH)?)y = 1/4, it follows that the measurement of &,
maximizes the Fisher information, leading to the corresponding Cramér-Rao
bound in 6¢ > 1/\/NFq(¢) = 1/VN , the so-called standard limit.
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Entanglement-assisted parameter estimation: phase estimation (2)

Are these the best measurements?
10)+[1)) = expli(1+6.)p/2](|0)+[1))

1. Separable qubits.

We know that for the best measurement 7 (¢) = 4((AH)?), ,where H
here is the generator of phase displacements: H = (1 + 6.)/2. Since for the
initial state |[+) we have ((AH)?)y = 1/4, it follows that the measurement of &,
maximizes the Fisher information, leading to the corresponding Cramér-Rao
bound in 6¢ > 1/\/NFq(¢) = 1/VN , the so-called standard limit.

2. Entangled qubits.

The generator of phase displacements is H = Zz 1 (1 +o0 (Z)> /2, so that
(W(0)[(AH)?|(0)) = N2 /4, which means that the above measurement

leads to the maximum value of the Fisher information and to the Cramér-
Rao bound in 0¢ > 1/1/Fq(¢) = 1/N,the Heisenberg limit.
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Entanglement-assisted parameter estimation: phase estimation (3)

2. Entangled qubits.

Bound can be achieved with local measurements! Measure observable
. N i N
GgON — on final state \O> +eN¢\1>

Get <6®N> =cos(Ng)
AG®" =|sin(Ng)

So, from error propagation:
AG®Y 1
0 =—7 ®N TN
o6 o N

which coincides with the Heisenberg bound.

Therefore, only the initial entanglement counts!
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Entanglement-assisted parameter estimation: phase estimation (3)

2. Entangled qubits.

Bound can be achieved with local measurements! Measure observable
N — 60 2632 ... 260N on final state |0) +e™[1)"

Get <6®N> =cos(Ng)
AG®" =|sin(Ng)

So, from error propagation:
AG®Y 1
0 =—7 ®N TN
o6 o N

which coincides with the Heisenberg bound.

Therefore, only the initial entanglement counts!
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NEXT LECTURE: QUANTUM METROLOGY FOR OPEN SYSTEMS
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