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Experimental investigation of the dynamics of entanglement: Sudden death, complementarity,
and continuous monitoring of the environment
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We report on an experimental investigation of the dynamics of entanglement between a single qubit and its
environment, as well as for pairs of qubits interacting independently with individual environments, using
photons obtained from parametric down-conversion. The qubits are encoded in the polarizations of single
photons, while the interaction with the environment is implemented by coupling the polarization of each
photon with its momentum. A convenient Sagnac interferometer allows for the implementation of several
decoherence channels and for the continuous monitoring of the environment. For an initially entangled photon
pair, one observes the vanishing of entanglement before coherence disappears. For a single qubit interacting
with an environment, the dynamics of the complementarity relations connecting single-qubit properties and its
entanglement with the environment is experimentally determined. The evolution of a single qubit under con-
tinuous monitoring of the environment is investigated, demonstrating that a qubit may decay even when the
environment is found in the unexcited state. This implies that entanglement can be increased by local continu-
ous monitoring, which is equivalent to entanglement distillation. We also present a detailed analysis of the
transfer of entanglement from the two-qubit system to the two corresponding environments, between which
entanglement may suddenly appear, and show instances for which no entanglement is created between dephas-
ing environments, nor between either of them and the corresponding qubit: the initial two-qubit entanglement

gets transformed into legitimate multiqubit entanglement of the Greenberger-Horne-Zeilinger type.

DOLI: 10.1103/PhysRevA.78.022322

I. INTRODUCTION

Entanglement plays a central role in quantum mechanics.
The subtleties of this phenomenon were first brought to light
by the seminal paper of Einstein, Podolsky, and Rosen [1],
published in 1935, and by those of Schrodinger [2,3], pub-
lished in 1935 and 1936. It took, however, approximately 30
years for its essential distinction from classical physics to be
unmasked by Bell [4], and another 30 years for the discovery
that entanglement is a powerful resource for quantum com-
munication [5-10]. It was also found in the 1990s to play an
important role in quantum computation algorithms [11]. Fur-
thermore, it plays a key role in the behavior of macroscopic
quantities like the magnetic susceptibility at low tempera-
tures [12]. Yet the dynamics of entangled systems under the
unavoidable effect of the environment is still a largely un-
known subject, in spite of its fundamental importance in the
understanding of the quantum-classical transition, and its
practical relevance for the realization of quantum computers.

The absence of coherent superpositions of classically dis-
tinct states of a macroscopic object is analyzed by decoher-
ence theory [13,14], which shows that the emergence of the
classical world is intimately related to the extremely small
decoherence time scale for macroscopic objects. Within a
very short time, which decreases with increasing size of the
system, an initially coherent superposition of two classically
distinct states gets transformed into a mixture, due to the
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entanglement of the system with the environment. The decay
dynamics is ruled, within a very good approximation, by an
exponential law.

Detailed consideration of the dynamics of entangled states
requires the definition of proper measures of this quantity.
For pure states, one can use the von Neumann entropy [11]
associated with each part, or alternatively the corresponding
purity, defined by the so-called linear entropy [15,16].
The idea is that the more entangled is some partition of a
multipartite state, the more unknown is the state of each part.

However, systems undergoing decoherence do not remain
pure. A mixed state of N parties is separable if it can be
written as a convex sum of products of density matrices cor-
responding to each part [17]:

Q=EPM91M®"'®QNM, (1)
w

where the index u refers to the uth realization of the state
and Eﬂpﬂzl, with p,=0.

Entanglement measures for mixed states have been de-
fined for systems with dimension up to six [18-20], but for
larger dimensions this problem has not yet been solved. For
two-qubit systems, Wootters [ 18] introduced the concurrence
as a measure of entanglement.

It was shown by Peres [19] that, if the partial transpose of
the density matrix of a multipartite system with respect to
one of its parts has negative eigenvalues, then the state is
necessarily entangled. Thus, a non-negative partial transpose
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is a necessary condition for a state to be separable. However,
this condition is also sufficient only for 2X2 or 2X3 sys-
tems, as shown in Ref. [20].

The negativity, defined as the magnitude of the sum of
negative eigenvalues of the partially transposed matrix, can
thus be used, in these cases, as a measure of entanglement.
For higher dimensions, this does not work any longer; the
negativity is usually viewed then as an indicator of distillable
entanglement, that is, obtaining from n copies of the state a
number m (m=n) of maximally entangled states through
local operations and classical communication. This process,
however, does not work if the partially transposed density
matrix is non-negative; any entanglement still present cannot
be distilled—it is then called bound entanglement [21]. Tt is
worth noting, however, that the existence of undistillable
states possessing a negative partial transpose has not been
ruled out yet, and constitutes an intriguing open question in
entanglement theory.

These measures allow one to study the dynamics of ini-
tially entangled states under the influence of the environment
[16,22-36]. The outcome of these investigations is that the
dynamics of entanglement can be quite different from the
dynamics of decoherence: the first is not ruled by an expo-
nential decay law, as is the latter, and entanglement can dis-
appear at finite times, even when system coherences decay
asymptotically in time. This phenomenon, known as en-
tanglement sudden death [32], is a peculiar feature of global
dynamics.

In this paper, we present an all-optical device to study the
interaction of simple systems (one or two qubits) with vari-
ous kinds of environments, in a highly controllable fashion.
The setup is extremely versatile, allowing for the implemen-
tation of many different types of open system dynamics. A
partial account of our experimental results was given in Ref.
[33]. Here we show how this setup can be used to demon-
strate not only the subtle dynamics of entanglement, but also
the behavior of a continuously monitored system, as well as
the dynamics of complementarity relations [37-40] between
local and global properties for a two-qubit entangled system.
These complementarity relations quantify the notion that, for
pure entangled states, coherences and populations of each
party become uncertain: the more unknown they are, the
more entangled is the state.

Sections II and III contain the theoretical framework, in a
form which is particularly suitable to the experimental inves-
tigation of the dynamics of entanglement under different
kinds of environment. Section II deals with open-system dy-
namics and Kraus operators, while Sec. III discusses quan-
tum channels, the dynamics of complementarity for each of
these channels, and the transfer of entanglement from the
two-qubit system to the two corresponding environments. A
peculiar feature of dephasing processes is emphasized, for a
family of initial states: when the two-qubit entanglement dis-
appears, no bipartite entanglement is left in the system. The
state of the two-qubit system plus corresponding environ-
ments becomes a state of Greenberger-Horne-Zeilinger
(GHZ) type [41], with only genuine multiparticle entangle-
ment.

The experimental setup is introduced in Sec. IV, along
with several examples of environments that we are able to
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implement. In Sec. V we present the experimental results for
the behavior of a single qubit, with and without continuous
monitoring of the environment, including a detailed study of
the dynamical behavior of complementarity relations be-
tween local (single-party) and global properties of the system
qubit+environment. We show that our results on the continu-
ously monitored system are intimately related to the distilla-
tion of entanglement.

In Sec. VI we discuss the experimental investigation of
the evolution of entanglement for two typical noise
channels—amplitude damping and dephasing—including
observation of the phenomenon of entanglement sudden
death, which we had previously reported in [33]. Our con-
clusions are summarized in Sec. VII.

II. OPEN SYSTEM DYNAMICS AND KRAUS OPERATORS

A system (S) interacting with an environment (E) is de-
scribed by the following Hamiltonian:

H:HS®1+]~®HE+)\VSE’ (2)

where Hg and Hy are the system and environment Hamilto-
nians, respectively, and Vg is the coupling term between
them with coupling constant \ (in the weak coupling limit,
N<<1). The system and the environment get entangled due to
the interaction Vgz—an initially pure state of S evolves to a
mixed state.

In quantum optics, the traditional way of dealing with
open systems weakly coupled to environments with a large
number of degrees of freedom is through master equations
[42,43]. In this approach, the equation of motion for the state
ps of the system, given by

i

h

ps=—;Tri H,psel. 3)
where pgr is the S+E density matrix, is approximated to first
order of perturbation theory, with additional assumptions of
Markov dynamics and initially uncorrelated systems. The
previous expression can then be written as a sum of a unitary
contribution plus a nonunitary term, which depends only on
operators acting on the system S, and is given by the follow-
ing expression:

8" == 2 (psLiLi+ LiLips—2LipsLy), (4)
k

where the superscript NU stands for nonunitary, and £, are
the so-called Lindblad operators. See Refs. [44,45] for a
comprehensive treatment.

The experimental investigation of open system dynamics
can be greatly simplified by adopting an alternative formal-
ism, based on the Kraus representation [46]. We summarize
in the following the main ingredients of this approach.

Kraus operators

As suggested in Eq. (3), the evolution of a system coupled
to an environment can always be expressed as a unitary dy-
namics on a higher dimensional system—Fig. 1 depicts this
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FIG. 1. (Color online) Unitary dynamics. (a) Closed and (b)
open systems. § describes the reduced evolution of S when we trace
out the environment E.

approach. Starting with uncorrelated systems, the total evo-
lution can be written as

Usilps ® |0)(0)) Ul (5)

where Ugg is the S+E evolution operator and |0}z, without
loss of generality, represents the initial state of the environ-
ment. If we wish to focus only on the evolution of system S,
we take the trace over the degrees of freedom of the envi-
ronment. The effective evolution, not necessarily unitary, is
then given by

8(ps) = Trg Ugi(ps ® [0) (0 U]
= Eﬂ S| Usgl0)pps 0| Ul e, (6)

where {|u)} form an orthonormal basis for E, and the opera-
tor § describes the evolution of the system S (§ is usually
called a quantum channel, in analogy with classical commu-
nication theory [11]). Finally, this evolution can be expressed
only in terms of operators acting on § in the following form:

8(ps) = 2 M ,psM |, (7)

where the operators

M, = £ ulUsgl0)g (8)

are the so-called Kraus operators [46-48]. The property
b MMLM =1 guarantees that Tr[$(pg)]=1, so that the opera-
tion § is trace preserving. Furthermore, the evolution given
by Eq. (7) preserves the positive semidefinite character of
ps—this means that $(pg) is also a density operator. It is
important to note that the Kraus operators are not uniquely
defined—performing the trace operation in Eq. (6) in differ-
ent bases leads to different sets of equivalent operators,
yielding different decompositions of the resulting density
matrix.

There are at most d> independent Kraus operators [11,49],
where d is the dimension of S. Together with Eq. (8), this
property implies that, if {|¢;)} is a basis in the space corre-
sponding to S, then a dynamical evolution of S, correspond-
ing to the Kraus operators {M}, u=0, ... ,d*—1, can be de-
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FIG. 2. Monitoring the environment. The state of the environ-
ment is measured, postselecting the state of S.

ps

rived from a unitary evolution of S+E given by the
following map:

|p0) — Mo|p)|0) + -+ + M| p)ld® - 1),

| )|0) — M| p)|0) + - -+ + M go_y|y)|d* - 1),

| 6|0y — Mol |0 + -+ + Mp_y|pld> = 1), (9)

where as before the operators M; act only on S. This map
yields the guiding equations for our experiments.

If the environment has many degrees of freedom (so that
it can be considered a reservoir), then under Markovian and
differentiability assumptions Eq. (7) yields a master equation
[48]. This is, however, less general than the Kraus approach,
which applies even if the environment has a small number of
degrees of freedom.

Global vs local environments

If the system § is itself composed of N subsystems
(Sy,...,Sy), we must distinguish between two main types of
environment.

(i) Global channels: in this case all the subsystems are
embedded in the same environment, and can even communi-
cate through it. These channels perform nonlocal dynamics
and, in principle, can increase the entanglement among the
subsystems.

(ii) Local channels: each subsystem interacts with its own
environment, and no communication is present. The total
evolution can be written as Uy p ® -** ® Ug ., and Eq. (7)
is replaced by

Blp)= 2 My ® - @ MhpM, & --- @ M)T. (10)
M.V

This operation is clearly local, and therefore cannot increase
the entanglement among the constituents.

Obviously, for systems with N>2, mixed dynamics is
also possible, i.e., some subsystems interact with a common
environment and others with independent environments.

Filtering operations—Monitoring the environment

Instead of directly following the dynamics of system S,
one can infer it by monitoring its surroundings. For instance,
by detecting a photon emitted by a two-level atom, we know
for sure that the atom is in its ground state. This scheme is
illustrated in Fig. 2.

The formalism of the preceding sections must be changed
to take into account the monitoring of the environment.
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Rather than tracing over the environment, we perform a mea-
surement on it. If the outcome i is obtained, the state of S
evolves to

MpsM :'f, (11)
Di
where p,=Tr(M;psM]) is the probability of finding the out-
come i. Notice that, if the state pg is initially pure, it will
remain pure after the measurement on the environment.
This application of a single Kraus operator to the state is
usually called a filtering operation [11,50]. A sequence of
successive evolutions and measurements defines a quantum
trajectory for the state of S—each record of the state of the
environment defining a quantum jump [44].

III. COMPLEMENTARITY, QUANTUM CHANNELS, AND
THE DYNAMICS OF ENTANGLEMENT

Up to this point we were dealing with the open dynamics
in a rather general way. From now on we specialize to sys-
tems composed of qubits, which are representative of many
physical systems of interest for quantum-information pro-
cessing. Furthermore, we consider only local environments,
which implies the interaction of each qubit only with its own
environment. This is the situation for two decaying atoms
separated by a distance much larger than the wavelength of
the emitted radiation. The individual qubit dynamics is then
used to describe how the initial entanglement of two qubits is
degraded due to the action of these independent environ-
ments.

An elegant way to illustrate how the entanglement of the
system with the environment disturbs the individual proper-
ties of the subsystems is through the complementarity rela-
tions presented in Ref. [39]. This is described in the follow-
ing section.

A. Complementarity relations

A single qubit § in a pure state has two complementary
aspects, particlelike and wavelike [51], which is mathemati-
cally expressed by the following relation [37,38]:

Pi+Vi=1, (12)

where the ingredients are the single-particle predictability Pg
and visibility Vs. The first is a measure of the single-qubit
relative population, defined as Pg=|(c)|. The second is a
measure of single-qubit coherence and is defined as Vg
=2[(c*)|. Here o, with i e {x,y,z}, are the Pauli matrices,
and o =|1)(0].

When the qubit S gets entangled with an environment E,
its state becomes mixed. This implies that another term
should be included in the previous relation, which then turns
into [39]

Cip+ P+ V=1, (13)

where Cgp is the concurrence [18], which measures the en-
tanglement between S and E. Independently of the dimension
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of E, the bipartite concurrence of the pure composite state is
defined as

Cop=\2[1-Tr(pg)], (14)

where pg=Trg(psg) [15]-

We see from Eq. (13) that, whenever the entanglement
between the two systems increases, the single-particle fea-
tures are reduced. When Cgp=1, the visibility and predict-
ability vanish—the single-qubit state has then completely de-
cohered.

Relation (13) was tested experimentally, using nuclear
magnetic resonance techniques, in Ref. [52]. We present in
Sec. V experimental results for the dynamics of these three
quantities, obtained with a linear optics setup. The comple-
mentarity relations among them will help us to understand
the action of different types of environments on qubits.

B. Quantum channels

We describe now some of the most usual channels for
qubits; amplitude damping, dephasing, bit flip, phase flip,
and bit phase flip.

1. Amplitude damping

This channel represents the dissipative interaction be-
tween the qubit and its environment. The emblematic ex-
ample is given by the spontaneous emission of a photon by a
two-level atom into a zero-temperature environment of
electromagnetic-field modes.

A simple way to gain insight about this process is through
the corresponding quantum map:

|0>S|O>E - |0>S|O>E,

!/_ !,_
[D)5]0) — V1= p|1)5]0)z + Vp|0)s| D, (15)

which can be traced back to the 1930 Weisskopf-Wigner
treatment of spontaneous emission by an atom [53]. The first
line indicates that, if no excitation is present in the system, it
remains in the same state and the environment is also un-
touched. The next line shows that, when one excitation is
present in the system, it can either remain there with prob-
ability (1—p), or be transferred into the environment with a
probability p.

Notice that p in these equations is just a parametrization
of time. The relationship between the parameter p and time ¢
for an atom interacting with an infinite number of electro-
magnetic field modes, initially in the vacuum state, under the
Markov approximation, is given by p=(1-¢"), where I is
the decay rate. In this case, the state |1); in the map above
can be understood as one excitation distributed in all field
modes. However, this map can also be used to describe the
interaction of a two-level atom with a single mode of the
electromagnetic field inside a high-quality cavity [54]. In this
case the excitation oscillates between the atom and the field,
and we should take p=sin*(Q¢/2), where () is the vacuum
Rabi frequency. The fact that the same set of equations de-
scribes the interaction with either a reservoir or an environ-
ment with a single degree of freedom is a consequence of the
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general character of the Kraus approach, as noted right after
Eq. (9).

These remarks show that it is actually very advantageous
to describe the evolution of the system through a quantum
channel, rather than through a specific master equation or
Hamiltonian. Together with the parametrization of the evo-
lution in terms of p, thus avoiding a specific time depen-
dence, this leads to a very general description, which in-
cludes many different processes in the same framework.

In all cases, the dynamics represented by the map (15) has
the following Kraus operators (in the computational basis

{10).[1)}):
R
MO_(O \"1—p>’ Ml_(O 0/ (16)

Let |x)=al0)+B|1) be a general initial qubit state, i.e., at p
=0. According to Eq. (7), it evolves under the amplitude
channel to

|af” + pl B aﬂ*\/l—p)
$ = . 17
(|X><X|) (a*ﬁ\’r—p (1 _P)|,3|2 (17)

We can see from this state that coherence decreases with
increasing p. Also, the population of |1) is transferred to |0).
When describing the spontaneous decay (p=1—-¢"1"), only in
the asymptotic limit t— oo does the coherence drop to zero
and the system tend to the ground state. These conclusions
can also be drawn from the expressions for the visibility and
the predictability:

Ps(p) =llal® = 181* + 2p|BI°| =1 =2 (1 - p)| B

Vs(p) =231 = plaB| =1 - pV(0), (18)

where V(0) is the initial visibility. Furthermore, within the
entire interval 0 <p <1 the qubit state is mixed. This is con-
firmed by the calculation of its entanglement with the envi-
ronment:

Cse(p) = 2|BVp(1 - p), (19)

which vanishes only at p=0 or 1.

2. Dephasing

Here the coherence of the qubit state disappears without
any change in the populations. This process occurs often
when a noisy field couples to a two-level system [55].

The corresponding unitary evolution map is given by

0)s50) — [0)s]0),

!’_ /—
[1)5]0) — V1= p|1)5]0)z + \p| )| 1. (20)

It can be understood as an elastic scattering, where the state
of the two-level system does not change, but the state of the
environment undergoes a transition without any energy ex-
change, due, for instance, to the change of momentum of its
constituent particles. Although the states of the computa-
tional basis {|0),|1)} do not change under this map, any su-
perposition of them will get entangled with the environment.
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TABLE 1. Evolution of complementary aspects for the initial
state |x)=a]0)+B[1) under bit, phase, and bit-phase flips.

Channel Ps(p) Vs(p) Csr(p)
Bit flip (1-p)Ps(0) |2-p)aB*+pa’Bl \p2-p)|a*-p|
Phase flip Ps(0) (1-p)Vg(0) \p(2-p)Vs(0)

Bit-phase flip (1-p)Ps(0) |(2-p)aB'~p o*B| \p(2-p)|a*+p’]

The characteristics of this type of channel can be ana-
lyzed, as before, by observing the evolution of a general
state. The corresponding Kraus operators are

y (1 0 ) y (o 0 ) o1)
=\o i,/ =\o )
Therefore, the state |y)=a|0)+3|1) evolves to

aﬁ* \*‘Jﬁ ) (22)

( |af?

apt-p |8
As previously stated, the populations do not change and nor
does the state predictability: Ps(p)=||a|*~|B*|=Ps(0). On
the other hand, the visibility monotonically decreases,
V(p)=2|aB|N1-p=\1-pV4(0), as the system S gets en-
tangled with the environment R. The entanglement between
them is easily evaluated: Cgg(p)=2\p|aB|=VpVs(0). This
emphasizes the fact that states with zero initial visibility do
not get entangled with this type of environment.

3. Bit flip, phase flip, and bit phase flip

In classical computation, the only error that can occur is
the bit flip 0« 1. In quantum computation, however, the pos-
sibility of superposition brings also the possibility of other
errors besides the usual bit flip. They are the phase flip and
the bit-phase flip. The first changes the phase of the state,
and the latter combines phase and bit flips.

The set of Kraus operators for each one of these channels
is given by

My=\1-pi2l, M= \"%O'i, (23)

where i=x gives us the bit flip, i=z the phase flip, and i=y
the phase-bit flip. These sets are easily interpreted as corre-
sponding to a probability (1-p/2) of remaining in the same
state, and a probability p/2 of having an error. The factor of
2 in Eq. (23) guarantees that at p=1 we have maximal igno-
rance about the occurrence of an error, and therefore mini-
mum information about the state. The unitary maps for these
channels are obtained by employing Eq. (9). In Table I, the
evolution of the complementary aspects, as previously de-
fined, is summarized for these error channels.

C. Entanglement dynamics

Whenever the system S is composed of at least two sub-
systems, an initial entanglement among the subsystems
evolves due to the interaction with the environment
[16,22-36]. The detailed study of this process is of crucial
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importance for the implementation of quantum algorithms
that rely on entanglement as a resource.

Here we focus on two emblematic examples of entangle-
ment evolution: the two-qubit state |¢)=a|00)+B|11) under
local (i) amplitude damping and (ii) dephasing channels. In
the following analysis, the complementarity relation is not
easily handled [52,56], since it involves multipartite en-
tanglement of mixed states. Nevertheless, in order to scruti-
nize the dynamics, we make use of similar figures of merit,
namely, the bipartite visibility (V5152)’ the concurrence be-
tween the subsystems (Cs,s,), and the concurrence (Csg) be-
tween S=5,®S, and E=E,®E,. The definitions of these
quantities follow.

The bipartite visibility

Vs,s5,(p) = 2[(|11)00])] (24)

measures the two-particle coherence for the state |¢) defined
above. Notice that, given the initial state |¢), and the fact
that we are considering only local channels, this is the only
coherence that plays a role in the dynamics.

The initial pure state of the system S=S;®S, becomes
mixed when in contact with the environment. The degrada-
tion of the initial entanglement due to the coupling with the
environment is quantified by the concurrence defined in Ref.

[18]:
Cslsz(p) =max{0,A}, (25)

~ N N N . N .
where A=VN\;—VN,—VA3— VA4, with the A;’s the eigenvalues
in decreasing order of

pSlSZ(p)(o-y ® O'y)P;lsz(p)(o'y ® O-y)’ (26)

the conjugation being taken in the computational basis
{100).101).110).[11)}. “and_py,,(p)=81© (| ¢)(@]). where
8, (8,) is the channel applied to the first (second) qubit.

The information spread from the initial pure state to the
combined state—system plus environment—is related to the
entanglement between S and E. The corresponding concur-
rence is [15]

Cse(p) = \2{1 - Trlp3 5 ()]} (27)

(i) Amplitude damping. As described before in Sec.
III B 1, the Kraus operators for this channel are given in Eq.
(16). Under two identical local amplitude channels, Eq. (10)
shows that the initial two-qubit state |¢) evolves to the den-
sity operator

|l + p?| Bl 0 0 (1-pap*
0 (1-p)p|BP 0 0
0 0 (1-p)pl|BP 0 ’
(1-p)a'B 0 0 (1-p)I8P
(28)

where the matrix is written in terms of the computational
basis {|00),[01),|10),|11)}. The two-particle visibility is then
Vs,s,(p)=2(1-p)|ap|=(1-p)Vs 5,(0). The bipartite visibil-
ity decays linearly with p, reaching zero only when p=1.
For the entanglement between the subsystems, we have
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FIG. 3. (Color online) Two possible trajectories in the space of
states under the action of amplitude damping, for initial states of the
form a|00)+ B|11). The solid line represents a sudden-death trajec-
tory, and the dashed line a case of infinite-time disentanglement.
When p=1, the two qubits are in the ground state. The border of the
set of states is the locus of density matrices of incomplete rank.

Cs,s,(p) = max{0,2(1 - p)|Bl(|la| - p|B)}.  (29)

For the same initial concurrence [65152(0):2|a,8 ], two en-
tanglement decay regimes are found. If |a|=|g|, then
Cs,s,(p)>0 for all p [0, 1), vanishing only at p=1 (like the
visibility). However, for a| < | B, the entanglement between
S, and S, goes to zero at ppgp=|a/Bl—the so-called
entanglement sudden death [32,33]. If the parametrization
(1-p)=e™"" is used, this implies a finite-time disentangle-
ment, even though the bipartite coherence goes to zero only
asymptotically. This phenomenon stresses that bipartite co-
herence is necessary for entanglement but does not coincide
with it—the latter being more fragile to noise.

Entanglement sudden death requires the initial population
of the doubly excited state |11) to be larger than the popula-
tion of the unexcited state |00). This is related to the fact that
the state |11) is perturbed by the (zero-temperature) environ-
ment, while the state |00) is not. Therefore, the bigger the
initial “excited” component in |¢), the stronger is the en-
tanglement with the environment—thus leading to a faster
decay of C 5,5, Indeed, the entanglement between the system
and the environment is given by

Ce(p) = 22BNp(1 = pV1=[BPp(1-p).  (30)

which increases when B increases and, for fixed 3, reaches
its maximum for p=1/2. This behavior is further stressed by
realizing that the entanglement between each system and its
own environment is also proportional to the excited-state
amplitude:

CS,E] (p)= CS2E2(p) = 2|B|2\"P(1 -p)s (31)

vanishing only at p=0 and p=1.

These two possible “trajectories” [57,58] in the set of
states are sketched in Fig. 3. For |a| <|g] (solid line) the set
of separable states is crossed at pggp; thus the state becomes
separable at finite time. However, for |a|=|g| (dashed line),
the state becomes separable only at p=1, when the two qu-
bits are in the ground state (|00)).

This type of environment acts as a swapping process at
p=1, ie., the state of the system (and the corresponding
entanglement) is completely transferred to the environment
[59,60],
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p=1
(a|00) + B 11))s ® |00)z—[00)s ® (a|00) + B|11)).
(32)
The entanglement between the two environments is given by

CElEz(P) = max{0,2p|ﬁ|[|a'| - (1 _p)|ﬁ|]}s (33)

which shows that, whenever there is entanglement sudden
death for the two-qubit system, there is also entanglement
sudden birth (ESB) between the two corresponding environ-
ments [60]. The value of p for which ESB occurs, pggg, is
simply expressed in terms of the entanglement sudden death
value: prgg=1—pggp- This expression clearly shows that en-
tanglement sudden birth may occur before, simultaneously,
or after entanglement sudden death, depending on whether
Prsp>>1/2, prsp=1/2, or pgsp<<1/2, respectively.

(ii) Dephasing. The evolved state in this case is given by

> 0 0 (1-pap’

0 00 0

p(p) = 0 00 0 . (34)

(1-p)a’g 0 0 |B}

As above, the two-particle visibility is given by Vslsz(p)
=2(1—p)|a,8|=(l—p)V5152(0), which leads to the same be-
havior as before.

The entanglement between the subsystems is

Cs,s,(P) =2(1 = p)ap], (35)

which is precisely equal to Vg ¢ (p). These two quantities
have the same behavior as a function of p, and thus vanish at
same point p=1. There is no entanglement sudden death.

The entanglement between the system S and the environ-
ment E is given by

Cse(p) =2|aBNp(2 - p), (36)

which_reaches its maximum, for p fixed, when |a|=|B|
=1/+2. For every « and 8 the maximum of Cg as a function
of p is at p=1, i.e., only when dephasing is completed. How-
ever, increasing values of Cgz do not imply sudden death of
entanglement, since the corresponding state trajectory does
not cross the region of separable states (see Fig. 4).

One should note that, in contrast with the amplitude-
damping case, here each system does not get entangled with
its own environment: Cs p =Cs =0 for all p [0,1]. This
is expected, since the single-qubit visibility is zero at the
beginning, and consequently at all subsequent times (see
Sec. III B 2). What is more surprising, though, is that, apart
from Cg 5, which monotonically decreases with p, all other
two-quibt entanglements are identically zero. Decrease in the
entanglement of the two-qubit system is accompanied by the
creation of legitimate multipartite entanglement.

For p=1, it is easy to see from Eq. (20) that

(2]00) + B[11))5/00) — @/00)5/00)z + B|11)s| 1),

(37)

which is a Greenberger-Horne-Zeilinger (GHZ) [41] type of
state, for which any two-qubit entanglement vanishes.
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Separable

Entangled

FIG. 4. (Color online) Trajectory in the space of states under the
action of dephasing, for initial states of the form «|00)+ 3|11). The
state is completely decohered at p=1, when it reaches the border-
line between entangled and separable states—and only then be-
comes separable. For this case, the trajectory stays always on the
border of the set of states, since, for all p € [0, 1], the density matrix
is not of complete rank.

For arbitrary values of p, one can easily calculate the
generalized multipartite concurrence proposed in Ref. [16]:

Cy=21N2 \/(zzv_ 2) - 2 Tr(p2), (38)

where the sum is over all nontrivial reduced density matrices
of the N-particle system. We get

Cs,s,6,6,(P) = |aBN4 +4p - p* (39)

which monotonically increases with p.

IV. EXPERIMENTAL IMPLEMENTATION OF
DECOHERENCE CHANNELS

A. Single photons and multiple qubits

Many experimental investigations of quantum-
information processes, such as basic quantum algorithms
[61-63], quantum teleportation [64], and verification of new
methods for measuring entanglement [65,66], have been
based on the use of several degrees of freedom of single
photons. While this type of approach does not lead to scal-
able quantum computation [67], taking advantage of multiple
degrees of freedom of photons allows for entanglement pu-
rification [68], improved Bell-state analysis [69—72], and cre-
ation of high-dimensional entanglement [73]. The extra de-
grees of freedom have also been exploited to engineer mixed
states through decoherence [74,75].

In the following we employ the polarization degree of
freedom of a photon as the qubit, while its momentum de-
gree of freedom is used as the environment. This choice
enables us to implement controlled interactions between S
and E. As in previous works [61,62], it is possible to imple-
ment a variety of operations on these two degrees of free-
dom, using common optical elements such as wave plates
and beam splitters. The formal correspondence between lin-
ear optics operations and one- or multiple-qubit quantum op-
erations has been provided in Ref. [76].

B. Sagnac Interferometer

Figure 5(a) shows a modified Sagnac interferometer that
can be used to implement the dynamics discussed in Sec. II.
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FIG. 5. (Color online) Experimental apparatus for implementa-
tion of quantum maps and tomographic analysis. (a) Sagnac inter-
ferometer. HWP(6y), HWP(6y), and HWP(6,) are half-wave plates
aligned in such a way that 6y (6y, 6,) is measured with respect to
V (H) polarization, PBS is a polarizing beam splitter, PP(¢) is a
phase plate, and unlabeled rectangles are mirrors. Polarization to-
mography is then performed on the output modes. (b) Tomography
setup used when tracing out the environment modes. The quarter-
and half-wave plates QWP and HWP are used for the tomographic
process and HWP(45°) is a half-wave plate used to incoherently
recombine the environment modes at the PBS. (c) Tomography
setup used when monitoring the environment. Detectors DET, and
DET, detect photons in modes 0 and 1, respectively.

An incident photon passes through a polarizing beam splitter
(PBS), which splits the horizontal (H) and vertical (V) po-
larization components, causing them to propagate in opposite
directions within the interferometer. The interferometer is
aligned so that the H and V paths are slightly separated,
which allows us to insert different optical elements sepa-
rately into each path. The two paths then recombine at the
same PBS, and are reflected or transmitted into modes O or 1,
depending on the polarization. The half-wave plates
HWP(6,) and HWP(6,) rotate the H and V polarization
components of the incoming photon, respectively. If they are
set at positions such that the polarizations are not rotated, the
photon leaves the Sagnac interferometer in mode 0. If, how-
ever, a photon, initially V polarized, is rotated by HWP(6)
so that |V)— a|V)+ B|H), it will leave the interferometer in
mode 0 with probability |a|> and in mode 1 with probability
|B*>. The Sagnac arrangement is advantageous, since it is
very robust against small mechanical fluctuations of the mir-
rors and polarizing beam splitter (photons in the two paths
reflect off the same optical components), as well as thermal
fluctuations. The two optical paths are approximately the
same, since they have identical lengths and both include a
single half-wave plate. We now discuss the implementation
of decoherence channels with this interferometer.

PHYSICAL REVIEW A 78, 022322 (2008)

TABLE II. Wave plate angles and phase ¢ for different deco-
herence channels.

Channel Oy Oy 6, ¢
Amplitude decay 0 0 0 0
Phase decay 0 6 /4 0
Bit flip -0 0 0 0
Phase flip 0 -6 /4 0
Bit-phase flip -6 -6 0 /2

1. Decoherence channels

With the half-wave plates set to angles 6y and 6y, the
Sagnac interferometer implements the transformation

|H)Y|0) — cos 26,|H)|0) + sin 26,|V)|1), (40a)

[V)|0) — cos 26,|V)|0) + sin 26,|H)|1). (40b)

After the half-wave plate and the phase plate in output mode
1, the overall transformation is

|H)|0) — cos 260,|H)|0) + €' sin 26, sin 26,|H)|1)

— ' sin 26 cos 26,|W)|1), (41a)

|V)|0) — cos 26,|V)|0) + ¢ sin 26y, cos 26,|H)|1)

+e'% sin 26y, sin 26,|V)|1). (41b)

By associating H and V polarizations, respectively, with the
ground and excited states of the qubit, output modes 0 and 1
to states of the environment, and adequately choosing the
correct wave plate angles, a number of decoherence channels
can be implemented with this interferometer. For example,
setting 0,=0, 6,=0, ¢=0, and identifying p=sin® 26, the
interferometer corresponds to the amplitude damping chan-
nel (15).

Use of the same settings but with 6,=/4 implements the
phase damping channel (20). Also, the error channels shown
in Table I can be implemented. For example, 0y=—0, 6,,=0,
and 6,=¢=0 implement a bit-flip channel with p=sin® 26,,.
Table II shows the wave plate settings for several different
decoherence channels.

In order to investigate decoherence using this interferom-
eter, it is necessary to combine modes 0 and 1 incoherently
for detection, which is the experimental equivalent to math-
ematically “tracing out” the environment. This was done us-
ing the two input ports of the PBS used for polarization
tomography, as shown in Fig. 5(b). Incoherent combination
is guaranteed as long as the path length difference is larger
than the coherence length of the photon. Using two or more
interferometers, one can use similar setups to study the evo-
lution of multipartite states subject to different combinations
of independent error channels.

2. Monitoring the environment

As opposed to uncontrolled physical processes that induce
decoherence in other systems, our interferometric arrange-
ment allows us to monitor the environment. This can be
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done, for instance, by simply detecting photons in momen-
tum modes O or 1 individually, as illustrated in Fig. 5(c).
With this setup we are able to experimentally investigate the
filtering operations and the quantum jumps described in Sec.
II. The corresponding experimental results are discussed in
the next section.

V. EXPERIMENTAL RESULTS: SINGLE-QUBIT DECAY
AND THE DYNAMICS OF COMPLEMENTARITY
RELATIONS

In the experiments reported in this section and the next,
we controlled the system-environment interaction by varying
the parameter p. For each value, we performed full tomog-
raphy of the single- or two-photon polarization state and re-
constructed the density matrix using the maximum likelihood
method [77,78]. The purity and the concurrence were ob-
tained from the reconstructed density matrix unless other-
wise noted. The theoretical predictions were obtained by
evolving the reconstructed initial state, corresponding to p
=0, using the Kraus operator formalism discussed in Sec. II.
Vertical experimental error bars were determined by Monte
Carlo simulation of experimental runs obeying the same
Poissonian count statistics. The value of p was determined
by one of two methods. In our earlier experiments, we used
the direct readout of the angle (larger horizontal error bars,
due to coarse angular setting). In later experiments, we im-
proved on this by developing a simple way to determine p
empirically, which we now describe. First, we block the in-
terferometer arm corresponding to the H component [propa-
gation in the counterclockwise direction in Fig. 5(a)], and
measure the counts ¢, in output mode 0, with the tomogra-
phic plates set for measuring V polarization. Then, still
blocking the H interferometer arm, we measure the counts ¢
in output mode 1, with the tomography system set to H. We
obtain p from p=c,/(cy+c;). This method is more precise,
since the uncertainty in p comes from photon count statistics.

A. Amplitude damping channel

For the study of the amplitude decay of a single qubit, we
use a cw solid state laser (405 nm) to pump a 5-mm-long
LilO5 nonlinear crystal, producing photon pairs from spon-
taneous parametric down-conversion (SPDC). The signal and
idler photons are prepared in polarization product states with
V polarization. Here the idler photon is used only as a trig-
ger, and is sent directly to a detector equipped with an inter-
ference filter centered at 800 nm (65 nm full width at half
maximum) and a 0.5-mm-diameter pinhole. The signal pho-
ton goes through the interferometer shown in Fig. 5(a), with
wave plates aligned for implementation of the amplitude
damping channel, as discussed in Sec. IV B 1. After the in-
terferometer, modes 0 and 1 propagate through wave plates
and a polarizing beam splitter, necessary in the tomography
process. Afterward they are detected through an interference
filter centered around 800 nm, with 10 nm bandwidth and a
0.5 mm pinhole. Coincidence counts are registered with
counting electronics and a computer.

The amplitude damping channel was implemented for a
single qubit, with the detection system set to trace over the
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Predictability, Visibility, Concurrence

p

FIG. 6. (Color online) Evolution of the quantities involved in
the qubit-environment complementarity relation (13) under the am-
plitude damping channel: Pé (blue circles), Vﬁ (red squares), and
C§E (green diamonds). Also shown is the sum P§+ V§+C§E (yellow
triangles). The solid lines are the corresponding theoretical predic-
tions, obtained by applying the amplitude damping channel to the
experimentally reconstructed initial state.

modes of the environment, using the detection setup shown
in Fig. 5(b). The input polarization was prepared in a super-
position state a|H)+G|V), with |B]>|a/.

It is illustrative to view the effect of the channel by mea-
suring the quantities involved in the complementarity rela-
tion discussed in Sec. III A. In Fig. 6 we show the evolution
of the squared predictability Pg, the squared visibility V2,
and the system-environment entanglement, quantified by the
squared concurrence Ci,, as a function of p for the same
initial state as above. The concurrence Cgr was calculated
from the density matrix using (14), and coincides with what
is expected from Eq. (19). Ps and Vg were determined di-
rectly from the polarization measurements using

_ len—cy|
cyt+cy ’

2 2 2 2
vszz\/<4—1> +(i—1> (43)
CH+CV CH+CV

for each value of p, where c; are the number of counts with
J polarization, with+and R corresponding to 45° linear po-
larization and right circular polarization, respectively. It can
be seen from Fig. 6 that both quantities agree with Egs. (18).
Though Ps, Vs, and Cs, evolve with p, the sum of these three
quantities (yellow triangles in Fig. 6) satisfies relation (13)
for all p.

Ps (42)

B. Monitoring the environment

We demonstrate now a peculiar effect of the dynamics of
open quantum systems. If the qubit, under the action of the
amplitude damping channel, is initially in a superposition of
the states |0) and |1), and we monitor the state of the envi-
ronment, finding it with no excitation at all times, we still
observe a decay of the system toward the ground state. This
can be understood as follows: even if there is no energy
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FIG. 7. (Color online) Evolution of the population V when
monitoring (red squares) or tracing out (blue circles) the environ-
ment. Error bars are unnoticeable in this scale. The lines are the
corresponding theoretical predictions (red solid line and blue
dashed line).

transfer between system and environment, by constantly
monitoring the environment and finding no excitations in it,
we gain information about the system, which is expressed as
a change in its state. For example, consider the arrangement
used to implement the amplitude damping channel (15), with
an initial state (a|H)+ 8|V))s®|0)5. This state evolves to

— -
[W(p)) = a|H)|0) + BV1 = p|V)|0) + B\p|H)|1).  (44)
Tracing out the environment, the polarization state is
Q@y_OM%Hﬂﬁ’aBWI—P)
@ pl-p |BF(1-p)

with p?=sin 26y, whereas, projecting onto the “unexcited”
|O) state of the environment, the polarization state becomes

(45)

_ dm+B1-plV)
[¥(p)) = TP £ BRG] (46)

which “decays,” as p— 1, to the unexcited state |H), just like
o(p=1) given in (45). We illustrate this phenomenon by
comparing the dynamics of a qubit under the action of the
amplitude damping map (15), for two cases: (i) when we
trace out the environment’s degrees of freedom using the
tomographic setup illustrated in Fig. 5(b), and (ii) when we
monitor its state in the unexcited state, using the tomogra-
phic setup shown in Fig. 5(c). In this setup, monitoring the
environment in the unexcited (excited) state amounts to con-
sidering only photon counts coming from detector
DET, (DET),) in Fig. 5(c). As above, the input polarization
is prepared in a superposition state a|H)+B|V), with
B> el.

Figure 7 shows the evolution of the population V, for both
cases. We see that not only are the two dynamics different,
but also the decay takes place even if no excitations are
transferred to the environment. When the environment is
traced out, the linear evolution is equivalent to an exponen-
tial decay (linear in p), while in the case where the environ-
ment is monitored the decay is retarded.

Figure 8 shows the evolution of the purity in these two
cases. We see that, when we monitor the environment, the
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FIG. 8. (Color online) Evolution of the purity of the qubit state
when monitoring (red squares) or tracing out (blue circles) the en-
vironment. Error bars are unnoticeable in this scale. The lines are
the corresponding theoretical predictions (red solid line and blue
dashed line).

system is always close to a pure state. The small amount of
mixing arises from the fact that our initial state is not per-
fectly pure.

In these figures, the lines are the theoretical predictions,
which are obtained (as introduced in Sec. II) by using the
Kraus operators corresponding to the amplitude damping
channel (15). When tracing out the environment, both opera-
tors M, and M are used, while when monitoring the envi-
ronment in its unexcited state, only the no-jump operator M,
is used, the resulting state being renormalized afterward. The
agreement between theory and experimental data is quite
good. These results show that, even though no excitation is
transferred to the environment, the continuous acquisition of
information about this fact changes the state of the qubit,
increasing the probability that it is found in the unexcited
state.

This phenomenon allows the distillation of entanglement
of a two-qubit system through continuous local monitoring
of the corresponding independent environments. Indeed, for
an initial state a|00)+8|11), with |a| <|p|, continuous moni-
toring of the unexcited environment leads to increase of the
|00) component, implying that the state approaches a maxi-
mally entangled state, before decaying to the state |00).
Within the framework of the Sagnac interferometer setup,
applied to each of the two entangled photons (as described in
detail in the next section), the evolution of the system under
continuous monitoring corresponds to measuring both qubits
in output mode 0, while p changes from 0 to 1. If the two-
qubit state is | (0))=a|HH)+ B|VV) for p=0, then the state
for p#0, conditioned to finding the environment in the un-
excited state for both qubits, is given by

alHH) + B(1 - p)|VV)
[laf?+ (1= p)1""

|q,(p)>cond = (47)

Setting 1-p=|a/B| yields a maximally entangled state.
Therefore, continuous monitoring of the environment for the
two-qubit case corresponds to a quantum distillation scheme
[79].
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FIG. 9. (Color online) Experimental setup for experimental in-
vestigation of entanglement dynamics under decoherence.
Polarization-entangled photon pairs were created using the two-
crystal SPDC source [80], pumped by a 442 nm cw He-Cd laser.
With proper spatial and spectral filtering, the 884 nm photons cre-
ated in the two nonlinear crystals are prepared in an entangled state
of the form |®)=|al|HH)+|B|e!|VV). The coefficients |a| and |8
and the relative phase & are controlled by manipulation of the
pump-beam polarization, which is easily realized with a half-wave
plate (HWP) and a tilted quarter-wave plate (QWP) [80]. Tomogra-
phic analysis was performed with additional HWPs, QWPs, and
polarizing beam splitters (PBSs).

VI. EXPERIMENTAL RESULTS: THE DYNAMICS OF
ENTANGLEMENT

Using two Sagnac interferometers, we studied the dy-
namical behavior of global properties of an entangled pair of
photons generated with spontaneous parametric down-
conversion. Figure 9 shows the experimental setup.

The source was arranged to generate pairs of photons in
one of two nonmaximally entangled states given by

1 3
©1)= |HH) + \?elﬂ VW, (482)

3 1
92) = V?|HH) + V), (48b)
These states contain the same amount of entanglement; the
initial concurrence is ideally C=2|a8|=13/2=0.87. How-
ever, we measured C=0.82+0.04 and C=0.79=*0.11, re-
spectively, due to the fact that they were not 100% pure. The
decrease in purity is mostly due to small imperfections in the
mode matching of the interferometers, and the angular de-
pendence of the phase of the two-photon state [80]. To sim-
plify the description, we refer to the initial state in the fol-
lowing as either (48a) or (48b), meaning in fact that it was
close to these states. The theoretical predictions are derived
from the actual experimental state obtained when p=0, by
calculating its evolution through the relevant Kraus opera-
tors. The dynamics of entanglement was investigated under
the effect of two different decoherence channels, imple-
mented by sending the twin photons through independent
Sagnac interferometers. Full bipartite polarization-state to-
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mography [77,78] was performed for different values of p.

A. Amplitude damping—Entanglement sudden death
and entanglement witness

Using the wave plate configurations listed in Table II,
dual amplitude damping maps (15) with the same p were
implemented for the initial state (48a). Tomographic recon-
structions of the real part of the density matrix for different
values of p are shown in Fig. 10. The corresponding analyti-
cal expression is given by Eq. (28). The reconstructions il-
lustrate the evolution of the populations and coherences as a
function of the parameter p.

Figure 11 displays the experimental results for the concur-
rence (25). The theoretical prediction (denoted by the full
line in the figure) was obtained by applying Eq. (25) to the
evolved density matrix, which in turn is determined by ap-
plying the Kraus operators (16) to the reconstructed density
matrix for p=0. The vanishing of the entanglement for a
transition probability p <1, corresponding to a finite time, is
clearly demonstrated in Fig. 11. This phenomenon has been
termed entanglement sudden death [32], and our setup al-
lowed for its observation, which was previously reported in
[33].

Also shown in Fig. 11 are the results obtained from an
entanglement witness, evaluated at each data point. An op-
erator W is an entanglement witness if 7r(Wp) =0 for any
separable state, and there exist entangled states o for which
Tr(Wo)<0. For initial states of the form

|lal|[HH) + | Blexp(i 6p)|VV) (49)

and the amplitude decay channel, it is possible to define a
“perfect” p-independent witness [31], so that —=Tr(Wp) coin-
cides precisely with A in Eq. (25), thus yielding the concur-
rence for all p. It is given by

W, =1 -2 |D(G)ND(6), (50)
where
0(0) = 5 (HE) + YY), 1)
Then it is easy to show that
Lg, = - T Wy p(p)] = z(P(ao,m - %) (52)

where P(6,p)=Tr[|®(6))P(6)|p(p)]. The concurrence (25)
can be written as

Clp(p)] = max{0, 'y }.

That is, the concurrence is equal to twice the excess prob-
ability (with respect to 1/2) of projecting the system in the
maximally entangled state |®(6,)). It is remarkable that in
this case the concurrence can be given a simple physical
interpretation, and, moreover, that this is valid throughout the
evolution of the system (which means, in our case, that it is
independent of p). The concurrence could then be deter-
mined directly by measuring the probability of finding the

022322-11



SALLES et al.

PHYSICAL REVIEW A 78, 022322 (2008)

p=0.25

FIG. 10. (Color online) Tomographic reconstruction of the real part of the density matrix for different values of p for an initial state close

to |®1) given in Eq. (48a).

system in the maximally entangled state |P(6,)).
In our experiment, however, the initial state is not pure, so

W(,O is not a perfect witness. In order to compute the best
witness in this case [which yields the upper bound of

—Tr( ng)], we choose 6 for each data point as the argument
of the pyyyy element of the reconstructed density matrix, and
then obtain I" through Eq. (52). The same could be achieved
by projecting the state of the system on |®(#)) and scanning

0 in order to get the minimum value for —Tr[ng(t)].

One should note that the initial phase 6, is not changed by
the amplitude damping channel, as shown by Eq. (28), so in
principle this procedure should be adopted only for the p
=0 state, the corresponding witness being then valid for all
values of 0<p=1. However, in the experiment, changing
the angle of the half-wave plate HWP(6y) in Fig. 5 actually
affects the corresponding optical path, due to imperfect
alignment of this plate, so a p-dependent phase shows up
between the states |V)|0) and |H)|0) on the right-hand side of
Eq. (40b). This phase does not affect the concurrence, but it
implies that the best witness depends on p. For this reason
we find 6 for each data point, from the reconstructed density

Concurrence, Witness

FIG. 11. (Color online) Global properties under the amplitude
damping channel for the state (48a): A as defined after Eq. (25) (red
circles) and the entanglement witness (52) (green squares) as func-
tions of the transition probability p. The theoretical prediction for
the concurrence (red solid line) is derived from the density matrix
obtained by applying the amplitude decay channel to the experi-
mentally reconstructed initial state. Disentanglement occurs for
p<l.
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1.0

Concurrence, Witness

FIG. 12. (Color online) Global properties under the amplitude
damping channel for the state (48b): A as defined after Eq. (25) (red
circles) and the entanglement witness (52) (green squares) as func-
tions of the transition probability p. The theoretical prediction for
the concurrence (red solid line) is derived from the density matrix
obtained by applying the amplitude decay channel to the experi-
mentally reconstructed initial state. For this state, disentanglement
occurs only at p=1.

matrix. Figure 11 shows that in this case I' underestimates
the entanglement.

For the state |@2) defined in Eq. (48b) the situation is
drastically different. Figure 12 shows the concurrence as a
function of p. In this case the entanglement disappears only
when p=1. Also shown is the entanglement witness (52)
calculated from the reconstructed density matrices, which is
always less than the actual value of the concurrence. The
witness is not optimal since the initial state is not completely
pure.

Figures 11 and 12 together constitute an experimental
confirmation that two states with the same initial amount of
entanglement may follow different decoherence “trajecto-
ries” in the space of states, as discussed in Sec. III C and
illustrated in Fig. 3.

B. Phase damping

As shown in Table II, by adjusting the wave plate angles,
the Sagnac interferometers implement the phase damping
channel (20). Experimental results for the concurrence are
presented in Fig. 13 for the initial state (48a). There is no
sudden death of entanglement, and concurrence vanishes
only when p=1.

C. Evolution of purity

Figure 14 shows the evolution of the purity of the initial
state (48a) for the amplitude damping channel (15) and the
phase damping channel (20). For the phase damping channel,
the change in the purity is monotonic. For amplitude damp-
ing there is an initial decrease, and then it increases again up
to 1 for p=1. The difference in behavior reflects the fact that
amplitude damping promotes a swapping between system
and environment, so that the system ends up in state |HH),
while dephasing leads to an increase of multipartite entangle-
ment, with the system plus environment evolving toward a
GHZ-like state.
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Concurrence

FIG. 13. (Color online) Concurrence for the initial state (48a)
under the phase damping channel: the circles correspond to the
concurrence determined from the reconstructed density matrix for
each value of p, while the line is the corresponding theoretical
prediction, obtained by applying the phase damping channel to the
initial (p=0) density matrix. Disentanglement occurs only at p=1.

VII. CONCLUSIONS

We have presented a series of experiments that investigate
the dynamics of entangled open quantum systems, and also
the dynamics of a single qubit under continuous monitoring
of the environment. By adjusting a set of wave plates, our
linear optics setup is capable of implementing a number of
single-qubit decoherence channels. We present experimental
results for the amplitude and phase damping channels for
single- and two-qubit systems. Decoherence of a single qubit
is investigated through the use of complementarity relations.
The effect of decoherence on entanglement, including the
phenomenon of entanglement sudden death, is experimen-
tally demonstrated.

Our setup has an appealing feature: it allows the investi-
gation of filtering operations, implemented by monitoring the
environment. This is an experimental realization of quantum
trajectories [44], which leads to a description of the interac-
tion of a system with an environment in terms of pure states.
For amplitude damping, our experimental results demon-
strate that it is possible to induce decay of a system by veri-
fying, through continuous measurements, that no excitation

FIG. 14. (Color online) Evolution of the purity for the different
decoherence models: amplitude (red circles) and phase damping
(blue squares), and their corresponding theoretical predictions.
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is transferred to the environment. We have shown that this
procedure, for an initially two-qubit entangled state, is
equivalent to entanglement distillation. The experimental in-
vestigation of the environment-induced decay of entangle-
ment in other systems (see, for instance, Ref. [35].) is of
course of fundamental importance, and should help to throw
new light on the subtle relation between local and global
dynamics of entangled systems.

The parametrization of the quantum channels considered
in this paper, in terms of the transition probability rather than
time, is very convenient. It accommodates different kinds of
dynamical behavior in a universal description, which allows
one to extend the realm of application of the results obtained
here: they include not only the decay of two-level systems
interacting with individual and independent environments,
but also the oscillatory exchange of energy between each
qubit and another two-level system, which could be, for in-
stance, the vacuum and one-photon subspace of a cavity
mode.

PHYSICAL REVIEW A 78, 022322 (2008)

This is a quite advantageous strategy for investigating the
dynamics of disentanglement, since it pinpoints the main fea-
tures of this process within a quite encompassing framework.
In fact, rather than the investigation of a particular physical
system, our procedure amounts to the experimental imple-
mentation of quantum maps which, due to their generality,
play a very fundamental role in quantum information.
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