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Abstract—We present a new analytical method to solve the basic Heisenberg—L angevin equations of the stan-
dard quantum model of a single-mode laser. The method is valid for describing microlasers operating in the
strong coupling regime (cavity QED lasers). These lasers can exhibit fascinating properties. for example, the
very notion of threshold may break down. Owing to the analytic solutions of the new model, the laser operation
in the close-to-threshold regime can be studied, which leads us to a natural characterization of the threshold's

behavior.

In numerous laboratories, experiments aiming to
construct microlasers are in course. The heart of these
devices is a miniature cavity whose geometry is tai-
lored so that the emission into other than the laser mode
is reduced. The ultimate goal is the complete elimina-
tion of the radiation loss and, hence, the realization of a
thresholdless laser [1].

Different systems have been conceived to observe
genuine microlaser effects. Thresholdless lasers were
reported, for example, in multilayer semiconductor
microcavities and in microdisks [2]. A very promising
candidate consists in using the whispering galery
modes of a high-Q, fused-silica microsphere. Light in
such modesistrapped in the equatoria plane near to the
surface by total interna reflection. The mode is con-
fined in a small volume (300 pm?3) without increasing
the diffraction loss (quality Q factor up to 10° can be
achieved, limited by the absorption in the material).
By means of a high index prism, the total reflection at
the sphere’sinternal surface can be frustrated in order
to couple photonsinto (or out of) the mode. The active
medium is composed of Nd** ions embedded in silica
by doping. Laser operation, exhibiting very low
threshold, has recently been demonstrated in this sys-
tem[3].

The microsphere setup realizes a cavity QED laser
[4]. The essential difference with respect to usual lasers
resides in the coupling between the active medium and
the laser mode. Due to the small mode volume in a
microcavity, the interaction can be in the strong cou-
pling regime. The nature of spontaneous emission

1 Permanent address: Research Institute for Solid State Physics and
Optics, P.O. Box 49, H-1525, Hungary.

2 L aboratoire de I'Université Pierre et Marie Curie et de I'ENS,
associe au CNRS (URA18).

42

changes significantly and, hence, the quantum statisti-
cal properties of the emitted light are profoundly influ-
enced. The description of such a system demands cav-
ity QED techniques.

M otivated by the microsphere experiments, we have
developed a quantum theory that can account for the
measurable characteristics of microlasers even in the
close-to-threshold regime. In this paper, we present the
analytical model in full generality, without concentrat-
ing on a specific configuration of the operating param-
eters. In Section 1, the basic equations of the standard
guantum theory based on first principles will be pre-
sented. The new approximate quantum model will be
established in Section 2. Finally, Section 3 isdevoted to
the solution; especially, the mean intensity, the line-
width, and the intensity noise will be calculated.

1. THE BASIC HEISENBERG-LANGEVIN
EQUATIONS

We briefly summarize the basic equations of the
guantum-mechanical model for a single-mode laser.
The active medium is composed of two-level atoms
(upper level a, lower level b), schematically repre-
sented in Fig. 1. For the sake of simplicity, no inhomo-
geneous effects will be considered (the generalization
can be carried out following the work [5]). That is, al
the atoms are uniformly coupled to a single resonant
cavity mode with a coupling constant g. The homoge-
neous linewidth of the gain medium isT", which can be
inarbitrary relation with the cavity mode damping ratek.
We also assume that the number of accessible atomsis
sufficiently large compared to the number of the actu-
ally active atoms, so that the pumping process can be
considered Poissonian. The pumping can then be
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described by asingle parameter R, therate of excitation
into the state a. In interaction picture, the following
Heisenberg-Langevin equations can be derived, as
shownin [6]:

a(t) = gM(D) - Za(t) + Fy(v), (1a)

M(t) = g[N.(t) = Ny(t)]a(t) =T M(t) + Fy(t), (1b)

Na(t) = R—g[a'®)M(®) + M'()a(®)]

NG + Fo), (10

No(t) = g[a' () M(®) + M'())at)] — T ,Ny() +Fy(t), (1d)

where a, a' are the boson operators of the field mode;
M is the collective atomic polarization; and N, and N,
are the populations in levels a and b, respectively. The
noise features are incorporated in the F reservoir oper-
ators. They obey the usual Langevin correlations

[F,(t)0= 0,
OF,(t)F(t)0= 2D, 5(t 1",

where the nonvanishing diffusion coefficients at zero
temperature are

)

2D , = K,

2D, 1, = (2 =T ) IN;() I+ R,
2D, .+ = (2 =Tp) IN,()T
2D,, = MaNa(D)F R, ©)
2Dy = [y [Ny(t)0
2Dpy = [ IM(1)0
2Dy, = I, IM(D)O

There is no general solution for these equations.
One may resort to various approximations [7-9] for
generating solutionsin special cases. However, none of
the usual procedures can be applied to a cavity QED
laser system. The aim of this paper consists in present-
ing anew method that enables us to find approximative
solutionsfor the operator variablesaand M, valid inthe
close-to-threshold regime of a cavity QED laser.

Beforehand, let us recall the Lamb semiclassical
model, which can serve as a source of useful scaling
parameters for our solutions. It can be recovered from
(2) by considering all the operators as mere c-numbers
and suppressing the noise terms. The steady-state solu-
tion can be easily obtained without any further approx-
imation. The oscillation threshold is given by

KM,
Rth = 2 - (4)
29
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Fig. 1. Relevant level scheme.

If R < Ry, the semiclassical steady-state intensity is
equal to zero and the steady-state population inversion
isgiven by RIT .. For R= Ry, the semiclassical steady-
state mean photon number is given by

lo = la(R/Ry—1), )
where the “ saturation intensity,” |y, is defined by
Mary  _Rn 1

= = — . (6)
s 292(I’a+rb) K1+T,/T,

Above threshold, the population inversion is indepen-
dent of the pumping rate (thisisthe “population clamp-
ing” effect characteristic of homogeneously broadened
lasers) and given by

KI
AO = _2
29
The Lamb model is expected to coincide with the solu-

tion of our model when the laser has a well-defined
threshold and operates far aboveit.

(7)

2. APPROXIMATE QUANTUM MODEL

The basic assumption of our analytical treatment is
that the population inversion is large enough so that its
fluctuations can be neglected. This hypothesis is rea-
sonable for many laser systems, especially for microla-
serswhere the number of atomstaking part in the inter-
action is typically much larger than the generated pho-
ton number.

The crucial step in applying this assumption is the
replacement of the population inversion operator by its
mean value in (1b). Since we do not consider the fluc-
tuations of the atomic populations, we may replace (1c)
and (1d) by their quantum-mechanical means. The new
set of equationsisthen

a(t) = gM(t) —5a(t) + F(), (8a)
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M(®) = gNa(t) — Ny()Ta(t) T M() + Fyy(t), (8b)

MNLt)O= R—g@R' (M) + M ®)at)o

L INGD)D] e

MNo(®)O= gl M) + M (t)a(t)C- T, IN,(t)0 (8d)

For the systems under consideration, the intensities
involved may be very low, down to a few photons.
Hence, we are not alowed to linearize these equations
around the steady-state values. On the other hand, we
will beinterested in the behavior of the steady-state and
(8) should therefore be considered after the transients
die out and all average quantities become constants.
The essential part of the Heisenberg—Langevin equa-
tions left to be solved is

a(t) = gM(t) - 5a(t) + F(), (%)

M(t) = gAa(t) —M(t) + Fy(t), (9b)
which comprises coupled linear differential equations
containing the population inversion as a c-number con-
stant parameter A. Note that theinherent nonlinearity of
the origina problem is not masked in this approach.
Although the above set of equations is formally linear
for the variables a and M, the value of the parameter A
depends on the field amplitude a and on the polariza-
tion M. Therefore, the solution must be generated on a
self-consistent manner. First, wefind aand M asafunc-
tion of A from (9). Then, these solutions are inserted
into equations (8c) and (8d) in order to determine the
actual value of the inversion A. This latter step can be
simplified, since, in the stationary operation, the popu-
lation inversionis connected to theintensity | = [@'alby
lo—1

A—D,
= =, 10
vaial (10)

This balance equation, which can be deduced from
(8a), (8c), and (8d) in the present model, must hold in
al single-mode two-level laser models at zero temper-
ature. For example, the semiclassical solution corre-
sponds to the special case when both sides of the (10)
are zero.

In the last step, to make the model complete, it is
necessary to redefine the diffusion coefficients. Having
replaced the population inversion operator by a c-num-
ber constant, we might have changed the algebraic
properties of the atomic system. Indeed, the commuta-
tion rule for the polarization, which is written as

[M(), M()] = N.—N,, (12)
is now approximated by
[M'(t), M(t)] =A = constant. (12)

Therefore, our original physical hypothesisimpliesthat
the atomic polarization operator behaves like a bosonic
operator

=ELJWbT(t), it A0,
OJAb(t), if A<O,

where [b(t), bf(t)] = 1. Consequently, the associated
Langevin noise operators should obey the commutation
relation

OF; (1), Fy(t)]O= 2ras(t—t), (14)

just as the field noise F, does. In conclusion, for the

sake of the algebraic consistency, it is necessary to

redefine the diffusion coefficients so that
2D _ZDM + = 2[A.

M

M(t) (13)

e (15)
Later we will prove that this redefinition is also suffi-
cient for maintaining the relevant algebraic rules.
A necessary condition for the validity of the model can
be obtained by comparing (15) to the original definition

2D, —2D, 1 = 2IA+R—T, [N, [, [N,[I(16)

From the fact that the difference between (15) and (16)
hasto be small, we get

A > (k/T)I, a7
which is the mathematical formulation of the basic
physical hypothesis, namely, the population inversion
must be considerably larger than the number of pho-
tons. We may therefore expect that this model worksin
the close-to-threshold regime.

Since only the difference between the diffusion
coefficients 2D, 1\, and 2D, istied up by the con-

dition (15), there is some freedom to define the values
of 2D ., and 2D .. Wethus set
+ = 0.

M

(18)

This choice, dightly different from that used in [11],
will lead to the simplest form of the resultsin later cal-
culations. The usual diffusion coefficients associated
with the field amplitude will be retained:

2D =k, 2D =0.
KK K K

2D ; = 2rA, 2D
MM M

(19)

Furthermore, since both the amplitude and the polariza-
tion now behave as bosonic operators, the associated
Langevin noise can be supposed Gaussian. As a conse-
guence, the knowledge of the second-order correlations
is enough to calculate higher order moments.

3. SOLUTION

Equations (9) and (10) and the definition of the dif-
fusion coefficients in (18) and (19) set up a complete
model to calculate the field amplitude a, the atomic
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polarization M, and the mean population inversion A
for arbitrary pumping rate R. Before integrating the
first-order differential equations (9), it isworth inspect-
ing the eigenvalues of the homogeneous part of the lin-
ear system:

A, :_%(K/z +M) + %,\/(K/Z +1)”+4g°(8 - A).(20)

The stability of the solutions requires that both of its
root should be negative. That is, we get the condition

A<D, (21)

The population inversion predicted by the model must
beinferior to its semiclassical value. This corroborates
our physical intuition: since our approach takes into
account the spontaneous emission of photons into the
laser mode, |less population inversion is needed to bal-
ance the photon loss.

The explicit solution for the field amplitude and for
the polarization can be expressed in terms of the Lan-
gevin noise operators as follows:

00

at)=—= [ DX Pt =)+ XD Fuat =01,
N3 (22a)

M(t)

00

22b
= [0 @F-D + Pt “
N 0

where

XD = —(K/2+A)(F+A)e™" +g’Ae, (239)
ALT AT

XKM(T) = (r+)\+)g(e - )!

Xue(T) = —(K/2+A)gA(e " =€),

(23b)
(23c)

Xum(T) = g°A€ —(k/2+A)(F +A,)e ", (23d)
and

NZ = PA—(k/2+A)(T +7,). (24)

Any measurable quantity of interest can be calcu-
lated from the solution (22). Since only the mean values
of second-order products of the Langevin noise opera-
tors do not vanish, one needs integrals of the form

[

l@ij,kl = IXij(T)XkI(T)dT1 (25)

where the ij, kl index is an arbitrary combination of K
and M. The independent integrals are

rr1 1

Soo = B 572wt

+

(26a)
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_ (/27,1 1
A A Y% Tk (26D)
g2
Femm = 5 (26¢)
_Tk/2,1 1
Focum = =5~ + 55T (26d)
‘g)KK,KM = 'g[—)r'v (266)
K/2
MM, kM = g D’ (26f)
where
D = 2g°(Ag—A)(K/2+T). (27)

The other integrals can easily be derived from the above
set by nO'[iCing that ‘g}MK, ij = A'@KM, ij and Sbij, K = Lg)k|’ ij -

We can verify that the solutions (22) are consistent
with the relevant algebraic rules. The model is
restricted to represent only the field amplitude a and the
polarization M by operators. The populations are
included just by their means; and hence, it makes no
sense to demand such relations as MM = N,, MM' =
N, Nevertheless, the requirement of algebraic consis-
tency, which has been imposed by the proper choice of
the diffusion coefficients, should manifest itself by the
validity of the relation (MM — MM'[J= A. One can
check that

M'M-MM'DO 8
= (2D,1,, —2DMMf)5’MM, mm = 2D P, m

provides the expected result A as far as (2D,VITM —

2D, MT) = 2I'A. So the previous definition provesto be

necessary and sufficient to ensure the usual operator
algebra.

3.1. Intensity and Threshold Behavior
Let us calculate the intensity of the laser mode:

| = @'al

[ [

= ﬁdr Xt Fu-DFu-T)0

rA
(k/2+T)(Ay=D)
This expression, together with the balance eguation

(10), yields a closed set of equations for the population
inversion and for the intensity. It leads to a second-

= 2DMTM§)KM,KM =
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Fig. 2. Normalized intensity i = 1/lg versus normalized
pumping rate r = R/Ry,. The parameter c is chosen to be
0.008, 0.05, 0.3, and 1. Dashed line represents the semiclas-
sical solution with a threshold at r = 1. For the smallest ¢
value (c = 0.008), the semiclassical threshold is still appar-
ent. When c increases, the “threshold” comes closer to zero
pumping, until it finally disappearsfor c = 1.

order algebraic equation, of which the solution for the
normalized intensity i =1/l is

i = %(r-l-e)+%¢(r—1—c)2+4cr, (30)
where the normalized pumping rate isr = R/R,. The
parameter ¢, which is defined by

_ 1
S lu(1+k/20)(1L+T,/T,)

__ 2 W
MM, +K/2) Fa’

has a very transparent physical meaning. It expresses
the ratio of two dissipation rates: W is the rate of spon-
taneous emission into the laser mode and I, is the
relaxation rate, associated with all the other dissipation
channels (collisions, spontaneous emission into lateral
modes, etc.), of the population a.

Theintensity is plotted as afunction of the pumping
rate in Fig. 2. According to the result (30), the scaled
quantitiesi = I/l and r = R/Ry, are displayed. Curves
corresponding to different values of the only relevant
system-specific parameter ¢ are represented. A reason-
able definition for the threshold is the position of the
maximum curvature, which can befound atr =1 —c.
Thevalue of the curvature at this point can characterize
the threshold quantitatively. For ¢ = 0.008, a well-
defined threshold occurs close to the semiclassical
threshold r = 1. On enhancing ¢, less and less accentu-
ated thresholds can be observed. Findly, the intensity
versus pumping rate curve does not have a maximum
curvature point; and, consequently, it makes no senseto

c
(31)

use the notion of threshold any more. This happens in
the parameter range

c>1, (32)

which we can consider asthe condition of thresholdless
laser.

Although the validity of the model was predicted to
be the close-to-threshold regime, it can be shown that
themodel givesreasonableresult for theintensity inthe
strong pumping regime as well. The asymptotic behav-
ior (r — o) renders precisely the semiclassical result

—. 0, (33)

i—ig=:
i, +cC

3.2. Dynamical Behavior and Linewidth

Since it is assumed here that there is no detuning
between the cavity mode and the atomic medium, the
laser frequency coincides with them aswell. The shape
of the spectrum can be calculated by the Fourier trans-
form of

@'(t+ T)a(t)o

t Ay AT A atO
= [a (t)a(t)% e - e [0
= A=A g

(34)

Our model provides, then, two degenerate lines in the
spectrum with linewidths|A.|. Thevaluesof |A. |, which
are the relaxation constants associated with the quasi-
linear system (9), have aready been presented at the
beginning of this section. The corresponding weights
are proportional to |A; |[/(A, — A); that is, the slower
relaxation dominates. For zero pumping, |A.| and |A_|
become equal to I' and k/2, respectively, reflecting the
independence of the atomic and the field relaxationsin
thislimit. For strong enough pumping, the lower relax-
ation rate symmetrically assembles the atomic and the
field contribution, |[A_| = k/2 + ', while the dominant
line has the width

rk/2 ¢ _ r’ks2 Ty 1

M T, T (k/2+T)2Fa*Tulo

(35

Thislatter obeysthe well-known Schal ow—Townes|law,
which again shows that, in the strong pumping regime,
the predictions of our model arein complete agreement
with the semiclassical theory. The variation of the line-
width |A,| in alarger range of the pumping rate is dis-
playedin Fig. 3.

3.3. Quantum Satistics of the Field

The analytical solutions (22) allow us to calculate
higher order quantities. In particular, the intensity noise
LASER PHYSICS  Vol. 10
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Fig. 3. The linewidth versus normalized pumping rate r =
R/Ry,. The parameters ¢ are chosen to be the same as for the

intensity plot, ¢ = 0.008, 0.05, 0.3, and 1. The decay con-
stantsare set ask/2=T = 1.

of the laser field is of interest. A tedious calculation
|eads to the result

a'aa'al)= 2DMTM(2DMTM * 2DMMT)"¢5M,KM
(36)
+ 2DMfM2DKK*§KM,KM§KK’KK = ZEB.Taﬁ + EaTaD

The relation characteristic of a thermal field has been
obtained. Thisisnot surprising, since the solutions (22)
are composed of the linear combinations of indepen-
dent Gaussian noise operators. It iswell known that the
laser field well below threshold is indeed in a thermal
state. The approximation of the field by athermal field,
aconsequence of the original assumption of the present
model, may also be good close to the threshold in a
microlaser system. However, this approximation evi-
dently fails for an intense semiclassical laser field,
which approaches a coherent state rather than athermal
state. Note, however, that the mean intensity, aswell as
the linewidth (second-order quantities), are correctly
found in the model for arbitrary pumping rate.

CONCLUSION

A new approximate quantum model has been estab-
lished based on the Heisenberg—L angevin equations of
a homogeneous laser. The model provides analytical

LASER PHYSICS Vol. 10 No.1 2000

solutions for any configuration of the linewidths I, K,
and coupling constant g. In the close-to-threshold
regime, theresults proveto bereliablein all orders; and
they are also correct in the full range of the pumping
rate as far as second-order quantities are considered.
Starting from the intensity versus pumping rate curve,
a measurable signal, we presented a natural character-
ization of the threshold’'s behavior and a reasonable
definition of the thresholdless laser.
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