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Production and detection of highly squeezed states in cavity QED
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We propose simple experiments in cavity quantum electrodynamics leading to the generation and detection
of highly squeezed states of the electromagnetic field, even in the presence of experimental constraints like
dissipation, atomic velocity spread, and detection inefficiency. Our proposal gives an operational meaning to
the rotational and translational widths of a squeezed state.

PACS numbeps): 42.50.Dv, 03.65-w

[. INTRODUCTION a statistical mixture of the desired state and undesired ones.
Because of this and the fact that one wants the preparation
The ability to construct high-quality cavities in the micro- time to be shorter than the dissipation time, a small number
wave domain and to manipulate Rydberg atoms with hugé®f réquired atoms is highly desired. _
dipole momentg1] has allowed the testing of fundamental _R€cently @ method for the construction of a generic su-
aspects of quantum mechanics, such as different manifestRETPOSition of coherent states of the electromagnetic field
tions of the quantization of the photon numti@r3], deco- using dispersive interactions of atoms and photons in cavities

X i was presented, and shown to lead to a good approximation
herencd4,5], teleportatior{6], quantu_m nondemolition mea- for a[r)bitrary states of the field17]. It Wag ShOW%p that a
surements [7_.10]’ quantum logic gates [10], and ._superposition of even a small number of coherent states
complementarity11]. Quantum states of the electromagnetic

. i , along a straight line or on a circle in phase space can ap-
field such as Schrbinger-cat-like state$4,5,9 and Fock  hroyimate nonclassical states of the field with a high degree

stateq 12] have been actually built in recent experiments. of accuracy. In that procedure, the number of coherent states
Several methods have been proposed to engineer quantyfithe superposition grows linearly with the number of de-
states of the electromagnetic field in a cavity, using a Setected atoms.
quence of two-level atoms that are sent through a Kgh-  In this paper, we propose a method for the construction of
superconducting cavity and interact with its field, being de-a squeezed stafe 8] in a cavity, using as in Ref.17] a
tected afterwards by level-selective ionizing countelr8].  superposition of coherent states. We show, however, that,
Before and after the cavity, the atoms may also interact wittwithin the realm of present-day cavity QED techniques, it is
electromagnetic fields in lo\@ cavities, used to manipulate possible to devise a procedure by which the number of co-
its internal states. The interaction between the atoms and tHerent states in the superposition groggonentiallywith
field in the superconducting cavity may be resonant or disthe number of detected atoms. Therefore, we are able to
persive. In the resonant case, the atom may exchange phachieve high values of squeezing after a few atoms. We
tons with the cavity, while in the dispersive regime, the atomshow that the probability of getting the desired state is still
plays the role of a refraction index in the cavity, leading to"®@sonably high. Furthermore, we take into account the ef-
phase shifts in the field or tuning the cavity into resonancd€Ct Of nonunity detection efficiency and the role of the dis-
with an external sourcEL4]. In both cases, quantum corre- SiPation, as well as the spread of the atomic velocity. By
lations between the field and the atomic internal state arg)s(ggirrﬁ;l:f;;ﬁ/ Bﬂglrge;irjltr\:\é? itsri]sm;vattr?:rt i:]r:ZnFs)?g\?ee(igrfhels
created. It is po_ssuble to tailor the _entangleme_nt betvv_een th%etection efficiency(of the order of 50% in recent experi-
atom and the field by proper choices of the interaction pa-

! - i ments[5]).
rameters, such as the interaction time, the field strength, the In the next section, we describe our method in detail,

detuning, etc. Detection of the atom in one of the two state§ayjng into account the possible experimental constraints
then projects the field onto the desired s_tgt(_e. For most of thg,entioned before. In Sec. IIl, we explain how the squeezing
procedures proposed so far, the probabilistic nature of quansroperties of the field inside the cavity may be measured and
tum mechanics implies that the atom may be detected in aghow how this measure is related to phase-space representa-
the one that is sought. In some cases, it is possible to senglyes an operational meaning to two possible definitions of
another atom to correct the state of the field, depending ofhe width of a squeezed state: the rotational and the transla-

the result of the first measurement, thus implementing §jonal widths(cf. [19]). Our conclusions are summarized in
feedback procedurfd5]. Most often, one restarts the experi- gegc. |V.

ment, discarding the unsuccessful realization. In this case,

we say that the experiment is based on the postselection of Il. GENERATION AND DETECTION
eventd 16]. This has two consequences. First, the probability OF SQUEEZED STATES

of production of the desired state usually decreases as the
number of atoms needed to engineer the field increases. Sec-
ond, a high detection efficiency is required because, if it While several of the methods proposed in the literature
happens that an atom is lost, it may cause the field to beconmuld be used in principle to generate squeezed states of the

A. Method for squeezed-state generation
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Microwave photon if the atom is in the stats while there is no dephas-
Generator ing at all if the atom is in statg. This may be implemented
—r i through the level scheme displayed in Fig. 2: the cavity
Excitation mode is close to resonance with a transitiene, but tran-

sitions from levelg are sufficiently off resonant so that the
corresponding energy shift is negligible. The one-photon
phase shift is given byp=(Q?/8)t;,,, where the Rabi fre-

- guency() measures the coupling between the atom and the
lonization . . .
Chambers cavity mode. Our scheme can also be easily applied to the

situation in which both levels and g suffer energy shifts.
The generation of a squeezed state of the field in C in-

Microwave volves the following steps. One turns on the microwave
Generator source connected to cavity C for some tim¢, so that a
coherent statg) is injected into the cavity. For definiteness,
we assume that is real. An atom in stat¢e) is then sent
through the system. The velocity of the atom is chosen so
Wat ¢= 7. After the atom crosses;RC, and B, the en-
tangled atom-field stateliom: fielqy DECOMES

/2

FIG. 1. Experimental scheme.

field, the procedure presented here has the advantage of si
plicity, and of close connection with recently held experi-
ments[2,5,10. The basic experimental scheme is illustrated
in Fig. 1. A highQ superconducting cavity C is placed be- |¢at0rmﬂe,d>=§[|e>(|—a>—|a>)+|g>(|a>+|—a>)],

tween two low@ cavities (R and R, in Fig. 1). The cavities (1)

R, and R are connected to the same microwave generator.

Another microwave source is connected to cavity C, allow-Finally the internal state of the atom is detected by two field-
ing the injection of a coherent state in this cavity. This sys-onization detectors(see Fig. 1 Upon detection of the
tem is crossed by a velocity-selected atomic beam, such thatomic state, the state of the field is projected onto either a
an atomic transitiore« g is resonant with the fields in,R  sum or a difference of two coherent states:

and R, while another transitior«i is quasiresonanide-

tuning 6) with the field in cavity C. The relevant level L 1 N

scheme is shown in Fig. 2. Just before, Fhe atoms are %)= m[“>—|_a>]’ @
promoted to the highly excited circular Rydberg stéd -

(typical principal quantum numbers of the order of 50, cor-whereN? =2+ 2 exp(—24?). One should note that this first
responding to lifetimes of the order of some milliseconds step is similar to the one realized by Brueeal. [5], where

As each atom crosses the ldcavities, it “sees” am/2 3 superposition of two coherent states was also obtaialed
pulse, so that|e)—[|e)+|g)]/v2, and [g)—[—|e)  beit not with the phase difference between the two coherent
+|g)1/ J2. The atom interacts dispersively with the field in states equal tor).

cavity C, so that transitions from leveésandg can be ne- Let us consider now the quadratures

glected, but there is a state-dependent energy shift of the

atom-field systentStark shify, which dephases the field, af- _ a+at
ter an interaction time;,; between the atom and the cavity X= , 3
mode (the quantityt;, is actually an effective interaction V2
time, which takes into account the Gaussian profile of the L
cavity mode. We assume that there is a dephasingbgier . a—a'
e @

wherea anda' are the annihilation and creation operators
corresponding to the field mode in the cavity. The variance

of the ¥ quadrature may be written as

@ ie ®
1-x
2:_
e (AY)*=——,
(Deg where the squeezing parameter is defined by
9 = (824 AT 2318) — 2(T)2. 5)

FIG. 2. Atomic level scheme. The transition- e is detuned by
& from the frequency» of a mode of cavity C, while the transition One should note tha¢=0 for a coherent state ang=1 for
e—g is resonant with the fields iR, and R,. State|g) is not @ Y-quadrature eigenstate. It is easy to show that the squeez-

affected by the field in C. ing parameters corresponding to the state$ are given by
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@ ® © D(z,z*)|a)=exp(za* — 2* a)|a+ 7).
¢
/\ ﬂ \ Note that the phase in the above equation is zewmeaifid «
KJ J are both real or imaginary.

In this way, the field in the cavity gets displaced, leading
to the configuration shown in Fig. &). One then sends a

second atom through the cavity, prepared in the same way as
the first one. If the second atom is again detected in the state

@ © ®
% ZE % |g), one generates the state of the field:

1
|<D2>=A?[I—3a>+|—a>+|a>+|3a>]-
2

FIG. 3. Field evolution in cavity C during the construction of ) o
the squeezed staté) The field in the cavity starts in the vacuum This state is represented in Figf3 If one wants to stop at
state.(b) A coherent statéa) is injected into the cavity(c) An  this step, one must look for the value afthat maximizes
atom, prepared in a superposition of the stg@sand|g) in the ~ squeezing. Otherwise, if this procedure is continued, one gets
first Ramsey zone, crosses the cavity; if the atom crosses cavity @fter detecting thé&lth atom,
in |e), the field is dephased by. (d) If the atom is detected ifg)

after the second Ramsey zone, the field in the cavity is collapsed 1 oN-1
onto a superposition of two coherent states, which exhibits squeez- |q)N> = 2 l(2n—1)a), (7)
ing. (e) The field is then displaced bya2 (f) A second atom goes M n=1-2N-1
through the same system; if the atom is detected again in|sfate
a higher-squeezed state is obtained. where
4a2672a2 21 2.2
e — 2 _ 9N N_ —2a%k
Xe=E (6) NE=2N+ gl 2(2N-k)e : (8)

so that the stateb—) do not exhibit squeezing, while the ~ The variation of the squeezing as a function of the ampli-
states|+) exhibit a squeezing that is maximum fer~0.8  tudea is displayed in Fig. 4, when the number of detected
(one attains then a squeezing ©55.7%). The probability atoms isN=1, 3, 5, and 10. This figure clearly shows that

of getting the|+) state is equal to the probability of detec- the squeezing becomes quite insensitive to the choiceasf
tion of the atom in theg) state: the number of detected atoms increases.

The probability of detection o atoms always in the
same statg is given by

2 1 2
Pg.1= (9] ¥atoms field) | IZN+-
1

4

N N
Pv=1I1 Pgn= ) NE.
The process of getting this squeezed state, starting from n=1
the vacuum state in the cavity, is illustrated in Figs.aB- . ) )
3(d), where each coherent state in the superposition is repré® Petter way to visualize the state is through the correspond-
sented by a circle. We see therefore that one may get 99 Wigner distribution[21], which can be written in the
squeezed field in a cavity so long as one selects events féPllowing way [22]:
which the atom is detected in stdg). This occurs, for the L P
value of @ that maximizes the squeezing, with a probability W(z,z*)=2TpD(z,z*)e'™ 3D Xz,z*)], (9
of 63.9%. One should note that this class of states was stud-
ied by Schleichet al. [20]. where the density operatgr describes the state of the elec-

In order to get higher amounts of squeezing, one proceedgomagnetic field in the cavity, angis a complex amplitude
in the following way. After measuring the atom in stég, in phase space.
one turns on the microwave sourfeso as to inject in the The Wigner representation for the state with=3 and
cavity a coherent field with amplitudea2 The effect of the  4~0.7 is plotted in Fig. 5. As its shape suggests, this state is
microwave source may be represented by the displacementgmy squeezed along theaxes(the squeezing parametgr
operatorD(z,z*) = exp*a—za), wherez is the complex in this case is close to 0.9lt is also clear from that figure
amplitude of the injected field. This operator is, up to athat the Wigner function exhibits in this case negative val-
phase, the evolution operatfn the interaction picturecor-  ues. In fact, the state given by EJ) does not belong to the
responding to the interaction between the field and a classicalass of minimum-uncertainty states, and cannot be obtained
current oscillating with the field frequency. Its action on afrom a coherent state by a simple scale transformation. For a
coherent state is given by general value ofN, we get from Eqgs(5) and(7):
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FIG. 4. Squeezing as a function af when the number of detected atomsNs-1 (squares N=3 (crosses N=5 (circles, andN
=10 (lozeanges As the number of detected atoms increases, the squeezing becomes quite insensitive to theavalue of

8a’ & N 2 2a2%2
szkgl (2N—k)k2e . (10)
2 (&

p=— %(paTa+ a'ap—2a'pa). (12)

Given someN, one must choose the best valuedfor One should note that for typical experimental setd}, the

getting maximum squeezing. Figure 6 displays the maximun@verage number of thermal photons is of the o_rder of 0.1 or
squeezing, the best value faf, and the probability for con- less, qnd therefore can be safely neglected in the present
structing the state as a function Nf This result shows that analysis. o .
squeezing reaches virtually 100% with a small number of From this equation, it _follows_ that the evolution of the
detected atoms, while the state production probability is stilnormal-order characteristic functi¢@2],
large enough to make the experiment worthwhile. This can :
be explained by the fact that the number of coherent states CNONF D) =Tr(per? e‘k*a),
composing these states is doubled by each detected atom.
One should note that the limit of 100% squeezing correds given by[24]
sponds to the construction of a quadrature eigenstate. We
show in the Appendix that this limit is actually attained in CnNA* D) =Cp(he M2 \*e 2 0). (12)
the double limitN—c0, a—0, with 2Ya?>1.
Our procedure leads thus to the construction of squeezed From the definition of this characteristic function, it fol-
states of the electromagnetic field through the superpositiopyys that
of coherent states. An analogous decomposition has been

considered beforf23], in terms of a continuous integration. P
Our prpposal Iea(_js instead to a discrete sum, and gives an <(aT)paq>(t):(_1)q—CN()\:0,)\*:O,t)_
operational meaning to such a decomposition. INPoN* A

All the calculations done above were made for an ideal
experiment. A realistic analysis must contemplate the actuathus, we have
experimental conditions, and take into account the roles of
dissipation, velocity spread, and detection efficiency. ((ah)Pad)(t)=e (PO (aT)Pad)(0). (13

B. Role of dissipation This relation, which is valid for any state of the electromag-

We consider first the effect of dissipation. We start fromnetic field, implies that both the squeezing and the intensity
the master equation for a field in contact with a zero-decay at the same rate. Therefore, dissipation plays a much
temperature reservoir: milder role here than in decoherence experimébis
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e Besto?
4 Probability

FIG. 6. Maximum squeezing, best choice for the square of the
amplitude o of the initial coherent state, and the probability of
formation of the squeezed statgs") as a function of the number
of atomsN.

weights of the coherent states in the superposition, as long as
the atom is detected ifg). Only the probability of produc-
tion is affected(if the rotations in R and R are not equal,
this is not true anymore, but the effect is still of second
ordep. Figure 7 displays the squeezing achieved when the
fluctuations of¢ (or the velocity spreadare kept within 1%.
-6 -4 2 OX 2 4 6 Since the value actually obtained is different for each real-
ization, the error bars represent the standard deviation of the
FIG. 5. (a) Wigner function for the state obtained after the de- S44€€2INg after many attempts_. They increase Witwhile
tection of the third atom, witle~0.3. The high degree of squeez- (€ Mmean value of the squeezing decreases compared to the
ing is evident in the picture(b) Projection of the same Wigner ideal case. The behavior displayed in Fig. 7 implies that
function on thex axis; the negative values signal the fact that this there is a compromise between velocity spread, reproducibil-

state is not obtained from a coherent state via a scale transformiy, and squeezing. It is clear from that figure that the best
tion. choice would beN=3 in this case, with=89.9+0.4% of

squeezing.

C. Role of the atomic velocity spread
] ] D. Role of detection efficiency
We now analyze the effect of the spread in the velocity of

the atoms. Thed pulse at the cavities Rand R, and the The efficiency of the atomic counters available for this
phase shiftp at cavity C depend on the velocity of the at- Kind of experiment is at present around“405% [5]. It
oms, since they are proportional to the time the atoms spen¢

in each cavity. The state of the atom-field system right before or

atomic detection, and for arbitrary values @fand ¢, is S0
given by 80 |
) ) o
co§§|ei¢oz)—sin2 sla)|®le) 2 eo:-
N
50|
o 6 3 ol
+cosg sins(|€%a)+|a))®|g). (14 @ P
272 s b
It is clear that when the values éfand ¢ are different from 2or
the prescribed= 7/2 and¢ =, the state of the field is no nor
longer that given by Eq(7), and the squeezing may be 0 — ; — ; . é
spoiled. .

The main effect is due to changes in the phase shift in
cavity C. Whene# , the coherent states in the superposi-  FIG. 7. Squeezing as a function bf for a velocity dispersion
tion are not aligned and therefofeY is increased. The fluc- of 1%. The error bars represent the standard deviation of the
tuations of # act in second order and do not change thesqueezing for several realizations.
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would seem that a lost atom could change dramatically the (@
state, since its construction is based on a postselection of the

measured atomic states. Fortunately, this is not the case, as

long as the field injection is conditioned to the detection of

the atom. Let us consider the state just before the first atom is

detected: )

[y =3(len|®7)+[gp)|P 7)), (15) O 1B

where|®*)=[|—a)*|a)]). When the first atom is lost, if FIG. 8. The probability differencA P is sensitive to the overlap
no field displacement takes place, the state after the secom@tween the field distributions before and after interacting disper-
atom is sively with a probe atom(a) Rotational width can be measured by
a rotation by . (b) Translational width is measured by a state-
dependent displacemei of the field.

[y =3(—lez)len)| @) +|g2)lgn)|@7)). (16

_ _ _ Note that the first step in the squeezed-state construction is

There is therefore, as pointed out already in Ref, a aecovered by setting=|0)(0|, =0, z=a, 7-921' and7,
complete correlation between the state of the first atom and

. = V) - > sl igata |, =
the subsequent onéim the absence of dissipatiprit is easy Th ' W'th. ¢d T d and th ; i d
o see that the same property holds for any of the states T atom is detected and the experiment is repeated many

|®N). Note also that the field will collapse in the same statet'me_s' for each amplitude and phase of the injected ield

as it would if the first atom had been detected. In the presstarting from the same initial state of the figidFinally, the
ence of dissipation, this remains true as long as the averaggobabilitiesP. andP of detecting the probe atom in states
time interval between detected atoms is much smaller thaf Or g are determined. It is easy to show that

the field decoherence time.
AP=P,—P,

Ill. MEASUREMENT OF SQUEEZING =Re(e'"T[D(z2,2°)pD " Xz,2*)T}7]}.  (18)

We now address the problem of how to measure the Expression(18) is very useful and leads to several inter-
squeezing of the field inside the cavity. We start by adapting ) ) - ~ i ata
to the level scheme under consideration a general procedufSting special cases. Choosing0, 7,=1, 7,=€'™ °, and
for measuring the Wigner function of the figls], which is ~ comPparing the resulting expression with @), we can see
closely related to the one used above to generate thigat
squeezed states. We show then that, even without making a
full measurement of the Wigner function, it is possible to
characterize the amount of squeezing of the state by means

of simple measurements. thbe the density operator of the Therefore, the difference between the two probabilities

field in the cavity, and suppose we turn on the microwaveyIGIdS a direct measurement of the Wigner functiame

source connected to C, so as to inject a coherent field Witﬁho'“".d note 'ghat,_due to the fa_ct that hg? doe_s hot inter-
: L . act with the field in cavity C, this expression differs from the
complex amplitudez. As we have seen, this is equivalent to

. N ) one given in Ref[25]). Suppose now=|¥)(y|, =0, and
the action of the operatdd(z,27) on the state of the field, z=0 (no field is injected into the cavilyin this caseAP is

Al N “AN-1
that now becomep’=D(z,2")pD ™ *(2,2"). the real part of the overlapping between the stateand the
We then send a probe atom through the same apparatus as

a T T A _aigata. ;
before. We associate the dephasings suffered by the field IIﬁansformed stat€g7’e| ¥). LetT,=1and7,=e : APis

cavity C, and due to the dispersive atomic state-depende w a measurement of the “rotational width” of the state

. . . ~. |y, as shown in Fig. &. The definition of the rotational
interaction, to the unitary operatdf; if the atom crosses width as a measure of squeezing was proposed in[Ref.

cavity C in the statge), and7g, if itis in |g). We assume and it is given an operational meaning here. Applying this
for the sake of generality that the field in, B dephased by method to the statdsb™) given by Eq.(7), we can see that
n from the field in R, so that in B we have|e)—[|e)  the largerN is, the fasterA P will decrease as a function of
+exp(n)|g)/V2 and |g)—[—expin)le)+|g)/V2. It is ¢, as shown in Fig. Gone may span several values of the
then straightforward to show that the state of the atdi@lid dephasingy by changing the atomic speed or the detuning
system is given just before detection by 5). One should note that the measurement of the rotational
width according to the above prescription amounts to the
1 A —inA oAt aimAt measurement of the values at the origin of phase space of a
illeXele(Ze—e T’ (Te—e UTQ)+|9><9| family of phase-space representationgs cIosgly relatgd to the
o(Ty+e n@;);,(‘ngLefinﬁ) Wigner function. As shown in Ref25], this family corre-
sponds to an imaginarg parameter in the Cahill-Glauber
+(terms nondiagonal in atomic spage  (17) characterization of phase-space representafi@2is

AP=Py—P.=W(—2z,—2")/2. (19
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corresponding to the value of the symmetric-ordered charac-
teristic function at the poinB’, which is given a physical
interpretation here as a measure of the translational width of
the state.

Before proceeding, let us consider the effect of the finite
detection efficiency. If an atom is not detected after interact-
ing with the cavity mode, the next atom will find a field
described by the reduced density operator obtained from Eg.

(17) by tracing out the atomic statesp”=3(7gp'7]
+7,p' 7). The value ofAP for this second atom is then

ool o L AP=—3Re{T(Typ' T{+ Tep' TOT{T.)), (2D

FIG. 9. AP as a function of the rotation anglg for the rota-  Which reduces to Eq18), since[ 7y,7.]=0. If the lost atom
tional width measurement for the stafes). and the detected atom have different interaction times, due to
velocity spread or field inhomogeneities, these operators may
A different kind of measurement of squeezing can be obno longer commute. Such will be the case for the translation
tained by settingZ;=1 and 7,=D(i8). One would then measurement, which will thus be spoiled. For rotations, how-
measure the intersection between the state and a translateder, the corresponding operators will still commute, and
version of it, yielding the “translational width” of the state. therefore the rotation measurements will be insensitive to
This may be achieved by using the quantum switch schemthese effects.
proposed in Ref[14]. In this case, the microwave source
attached to cavity C is off resonant with respect to the cavity
frequency, so that no field is injected into the cavity, when IV. CONCLUSIONS
no atom is present. However, when an atom crosses the cav- ) ) )
ity in the state|e), the frequency of the cavity changes in 1 ne recent development of techniques for manipulating
such a way(due to the atomic refraction indexhat it be- and ‘measuring electromagnetic fields in hi@hsupercon-
comes resonant with the source field, which is then alloweducting cavities has led to fundamental tests of quantum me-
into the cavity. On the other hand, when the atom crosse§hanics and to the possibility of manufacturing and measur-
cavity C in the statdg), nothing happens, since as before N nonclassical states of the electromagnetic field in

this state does not interact with the cavity mode. Chooging Cavities. We have shown in this paper that it is possible to
- realize experiments leading to the construction and detection
real would allow a measurement of the quadratdras de-

; L ; . of highly squeezed states of the electromagnetic field in a
icted in Fig. 8b). Applying this measurement to the states __ . ; ;
|pq)N> one ?/efisﬁ)es tagé Pg decreases as a function gf cavity. In particular, we have proposed a simple procedure to

faster for the stat f largét (high . Fi measure the rotational and translational width of these
aster tor e,s ates of larg igher squeezing-see Fig. squeezed states, and have shown that the rotational width is
10. SettingB’' =i B3, we have

closely related to the value of a generalized Wigner distribu-

__ 7T SR Rl prk tion at the origin of phase space, while the translational mea-
AP Rele” TpD(B".8")1, 20 surement is related to the corresponding characteristic func-
tion. In the method proposed here, a squeezing close to
100% is achieved with a small number of detected atoms,
and with a state production probability still large enough to
make the experiment worthwhile. Furthermore, our method
is rather insensitive to the detection efficiency: the only re-
quirement is that enough atoms are detected within the dis-
sipation time.
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APPENDIX

We show in this Appendix that the squeezing paramgter
given by Eq.(10) goes to one in the double limK—c, «
—0, with 2Va?>1. From Eqs(8) and (10), we have

2N
8a2Y, (2N-k)k?e ¥
k=1
X= 2N-1
2N+ D 2(2N—k)e 2@
k=1

2,2

WhenN— and a— 0, with 2Va?>1, we have

oN

E (2N_k)k2e72a2k2_)2Nz k2e72a2k2
k=1 k=1
and
oN—1 o
(2N_k)e—2a2k2_>2NE e—Zazkz_
k=1 k=1

It follows from (A1), (A2), and(A3) that
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2,2
8&22 k2e72a k
. 1
x— lim =
a—0 21,2
1+2), e 2k
1

alnl 1+2, e‘z‘*zkz)
&l

(A1) = lim —2a? .
alino 2 2 (A4)

The sum in the above expression can be calculated by using
Poisson’s formula,

A3 ﬁln( \/l)
) 2a?

=1 (A6)
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